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Chapter 1

Introduction

1.1 Preamble

In this work, we study the scattering problem of time-harmonic electromagnetic waves
by a bounded obstacle embedded in another medium.

1.2 Electromagnetic Field Equations

In the absence of electrical charges and currents, the macroscopic time-dependent
Maxwell equations of electromagnetism are

divD =0

divB=0

curl £ + 08_1;5 =0 (1.1)
curl H — 88—2; =0

where D denotes the electric displacement, B the magnetic induction, £ the electric
field, and H the magnetic field. By “time-harmonic” the fields are of the form

D(x,t) = R{D(x)e ™"}

B(x,t) = R{B(z)e ™'}
E(x,t) = R{E(x)e "}
H(z,t) = R{H(x)e ™"}

where € R? and w denotes the frequency. Under the time-harmonic assumption, the
Maxwell equations () become
divD =0
divB =0
curl E —wB =0
curl H +1wD =0

(1.2)

In order to proceed, the constitutive relations between D, E and B, H, which specify
the response of bound charge and current to the applied fields, should be introduced.
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Figure 1.1: Problem Settings

For chiral media which obey the Drude-Born-Fedorov constitutive relations

D =¢e(E+ fcurl ),

B = pu(H + Beurl H), (1.3)

where ¢ denotes the electric permittivit the magnetic permittivity and [ the chi-
rality measure, the Maxwell equations (@‘; become

divE =0
divH =0
curl B —iwp(H 4+ feurl H) = 0
curl H + iwe(E + fcurl E) =0

(1.4)

In this work

vXx (E.+ E,) =v X E
vx (Ho+ H,) =v x H;

1.2.1 Homogeneous Media

For homogeneous media with constant u, e independent of location, we substitute

i v as
into (@) to get
divE =0
divH =0 (17)

curl E — ik(H 4+ Scurl H) = 0
curl H +ik(E + fewl E) =0
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where
k = wy\/pe.

It is convenient to introduce the auxilliary notation U, U’ as follows:

if U =F, then U' = iH
if U=H, then U = —iF

Here E, H are the solutions of (@) Note that
Uy =U.
With the U notation we can summarize the last two equations of () as
curlU = kU + kB curl U’.
From (U') = U, we have

curlU" = k(U') + kS curl(U')’
= kU + kB curl U.

Eliminate curl U’ from (@), (), we have

2
curl U = v*BU + ?U’
where
2 _ K
1 — k232

By taking the curl of () and using ([L.10), we have

v

curlcurl U — 2428 curl U — 42U = 0

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

With the scaling (@) performed in each region, the transmission boundary condi-

tion becomes

vXx (E.+ E,) =dv X E;
vx (Ho+ H,) = pv x H;

where

Bohren’s Transformation

By expanding (), we have
(1 — k’262) curl E = ikH + k*BE
and

(1 - k*B%) cwl H = —ikE + k*BH

(1.14)

(1.15)

(1.16)

(1.17)
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The above two equations can be rewritten into matrix form:

crl B\ 1 (BB ik (E\ _  (E
curl H) 1 — k282 \—ik k*B)\H) H

Computing the roots of the equation

- ks
det(A — AI) = |17F2 g5 \
1— k2ﬂ2 1— k262
2 2 2
A\ — KB N K
1— k232 (1— k2B2)>
2 2 2
(- kﬁ Sk
1— k232 1— k232
2 29 _
— (- kﬁ+k Ao MOk
1— k232 1 — k252
B ()\ k(kB +1) ) (/\_ k(kB —1) )
@+ kB)(1— kD) (L + kB)(1 — kD)
k
=(A— A
( 1—k5) ( +1+k5)
the eigenvalues of A are —— and ——"— with corresponding orthonormal eigenvectors

kﬁ 1+kﬁ
\%(1, —i)" and \%(1, i), Let P be the matrix formed by the eigenvectors as columns,

()

Pl )

is the basis transformation matrix. Hence if we set

then

O =LEFE+1H

0. — B —iH (1.18)

the Maxwell equations ([1.16), () are transformed into the diagonalized form

curl Q1 = 11 Q1 (1-19)
curl Q, = — v, Q. (1.20)
where
y k
1= 75>
1—kp
1 (1.21)
=

1+ k3
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and this can be directly verified. From (), we have

~ (@1 Q)
Z. (1.22)
H = 5 (Qr - Ql)

Substituting () into ([L.10), we have

- (% 0+ Ql)) ik { (@ — Q) + Bl <§ (@ - @o) } _

curt (5 (@~ @) + i {

which can be simplified as

curl (Qr + Q1) + Kk (Qr — Q1) + kB curl (Q, — @)
curl (Qr — Q1) + Kk (Qr + Q1) + kB curl (Q, + Q1)

By performing (@)—{— 1.24), ([L.2 )—(M) we recover ()

Hereafter each of ([L.1§), () denotes “Bohren’s Transformation”.

DN | =

(Qr + Q)+ Feurl < (Qr + Q1)> } -

N |

|| ||
= =
N DO
= W
—_ —

Reduction to Two Dimension

Starting from

(1 —k*B%) cwrl E = ikH + k*BE (1.25)
(1 —k*B%) cwtl H = —ikE + k*BH (1.26)

Note that all 03 derivatives vanish, thus the expression of curl becomes

0,Us — 03U, O,Us
curlU = 83U1 — 81U3 = —81U3
(91U2—82U1 81U2—32U1

Expanding (), we have

82E3 H1 E1
(-8 -0B | =ik|H|+K8(E
81E2 - 82E1 H3 ES

The first row reads
(1 — k*B%) 0,E5 = ikH, + k*BE,
Differentiate with o,
(1 —Kk*B%) 03E5 = ik O.Hy + k*B B4 (1.27)
The second row reads

— (1= k*?) 01F5 = ikHy + k*BE»
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Differentiate with x1,
- (1 - k252) (9%E3 - ’L]C 81H2 + ]{725 81E2
Combining (), (), we obtain the equation

(1—K*B%) (07 + 03) Es
= ik (0o H, — O\Hy) + K*B (0B, — O\ Ey)

1
1= k232 {Zk (ikEs - /fZBHg) — kB (ing + kZBEg,)}
1
T 1 k2R {— (K* + k'8%) E5 — 2ik’ BH3 }
Similarly, by expanding (), we have
aQHS El Hl
(1 - kzﬁz) —01 H3 =—ik | Ey | + k25 H,
O1Hy — 0, H,y Es H,

The first row reads
(1 — k*B%) 0.Hs = —ikEy + k*BH,
Differentiate with o,
(1 —k*B%) 03H3 = —ik 0o Ey + k*B 0. H,
The second row reads
— (1 - k*B%) 01H3 = —ikEs + k*BH,
Differentiate with x1,
— (1 — k*B%) 0{Hs = —ik 01 E» + k*B 01 H,

Combining (), (), we obtain the equation

(1— K23 (02 + 02) Hy
== —Zk' (82E1 - alEg) —|— k‘QB (82H1 - 81H2)

= 1_;,%2 {ik (ikHs + K*BE3) + k5 (ikEy — k*BHy) |

1_;,{;252 {— (¥ + K*8%) Hy + 2ik°BE, }

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

Now we derive_the relations between FE4, H1, F5, Hy and E3, H3. Starting from the

first two rows of (ﬁ), (m),

0yFs = ikH, + K*BE;
O1Fs = ikHy + K*BE,
OyHs = —ikEy + k*BH,
O1Hs = —ikEy + k*BH,

(1—k262
—(1—k262

(1_1{:252
_(1_1{:252

— —
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Rewriting in matrix form:

k6 0 ik 0 E, Oy l3
0 k28 0 ik Ey | 5 o | —O1E5
—ik 0 KB 0 H |~ (1-%5%) Oy Hy
0 —ik 0 k%8 H, —01 H3

The inverse matrix of the left hand side is

-1

kB0 ik 0 -8 0 4+ 0
0 k*8 0 ik B 1 0 -8 0 +
—ik 0 k*B 0 C1-k22 |- 0 =8 0
0 —ik 0 k28 0 —% 0 -5
Hence
Ey -8 0 £ 0 Oy 3
Ey . O —5 0 % —81E3
H| |-+ 0 -8 0 0o H3
H, 0 —% 0 —p —01H3
—B0yE +%82H3
_ | BouEs — Lo H,
—B0yH3 — 102 E3
BO1H3 + 101 E3
We have

By = —B0,Es + %agHg

By = B0 Es — %ang
(1.33)

1
Hy = —p0,H;3 — EaZE?)

Hy = poHjz + %alES

Now we derive terms used in formulating boundary conditions. In two dimensional
case, the third component of v vanishes. For any field U we have

141 U1 %) U3
vx U= Vo X U2 = —U1 U3 (134)
0 U3 1%} U2 ) U1

The term that would need further deduction is v; Uy — v, U;. Combining ([1.33), we
have

By — by =1 (581133 — %51H3) — s (—552173 + %asz)

— Bv - VE; — %,, . VH, (1.35)

8E3 1 3H3

:55_/@ ov
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and

vy —voH) =1, (531H3 + %(%Es) ) (—582173 - %82E3>

= Bv-VH; + %u -V Es (1.36)
Oy i OF;
vk Ov
The boundary conditions are
vXx E,=0vx FE,—vxE, (1.37)
vx Hy=pvx H —v x H, (1.38)

Expanding the first two rows of (), we have

Vo B3 = 0 V9 Eig — 19 Eeg
—1Ey3 = —0v1Eig + 11 Eeg

Here the term E,3 denotes the third component of E,; the meaning of similar terms
Ei3, Ee3, Ee1, etc. should be clear. The two equations are in fact only one, namely

Eos =0 Eig — Ees (1.39)
Similarly, expanding the first two rows of (), we have

voHog = proHiz — V9 Heg
—vHy = —pviHig +v1He

which can be summarized as
H03 = pHig - Heg (140)
With the expressions ()7 (), the remaining two boundary conditions are

o 8E13 1 8H13 8E63 1 8H63
V1E02 - VQEol - (5 (ﬁl V - E ay ) (/Be ay - k_e aV (141)
and
- 8H13 1 8E13 0H63 1 8E63
l/lHoQ - V2H01 =p (/81 k’i 8y ) <ﬁe k}e a]/ (142)
Recall the Bohren’s transformation in outer environment and inner obstacle:
e3 - (Qer + Qel)
e3 - 2 (Qer Qel)
1 (1.43)
13 - 2 (er + Qll)
)
13 = 2 (er Qil)
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Apply () in ([L.39),

) 1
= §<Qir + Qﬂ) - §<Qer + Q61>

Apply (L43) in (L.40),

H03 = %(Qir - Qil) - %(Qer - Qel)

Apply ([L43) in (L41),

—FEg +1aEy =9 {Baa ( (er + Qﬂ)) - kil% (% (er Qll))}

{ aa (1 (Qer + Qel)) - kie% (% (Qer - Qel)) }
0 1+ lﬁl anr 1 - kiﬁi 8@11

T2 ( kv >
1 1+ k /Be aC)er 1- keﬁe 8Qel

2 ( ke v )
4]
2

(ianr 1 a@ﬂ) 2 ( 1 8@61" 1 8@:31)

Vi V Vil 8V Ver a’/ Vel 87/

Apply ([L43) in (1.49),

—vHo +1pHy = P{ﬁaa <Z(Q —Qil)) +ki§ %<Q1r+Qll))}

{ 5 ( (Qer — Qel)) +kiaa (% (Qer+Qel)>}

+ ki ﬁl anr 161 anl
-5 (R
1+ keﬁe aC?er - eﬂe ac261
2 ( ke ov ke

o Z 1 anr + ianl ¢ ]- ac2er + iaQel
B Y OV oy OV Yo OV e OV

By writing

Vo ‘= L3
= H,
o 3 (1.44)

vy = —v1 B + 1 Eg
wy = —v1Hyp + 19 Hy
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we collect the previous four equations as the “master equations”:

v = 2 (@ + Qa) — 5(Qu+ Q)
Wo = %(Qir —Qu) — %(Qer — Qa)
5 [(10Qr 10Qu\ 1(10Qu 1 0Qa (1.45)
U1_§(% o m (91/)_§(E o Ya 8u)
o= (100, 1000 1100, 1000
2 \ % Ov v Ov 2 \ Yor OV Yer OV

1.3 Notations, Definitions and Prerequisites

Definition 1.1 (Boundary). (Grisvard [15, p. 5]) Let Q be an open subset in R”. The
boundary I' = 9 is C*! (resp. Lipchitz) if for x € T' there exists a neighborhood V'

of  and new orthogonal coordinates {yi, s, ..., ¥y,} such that
1. V is an hypercube in the new coordinates:

V:{(y1’y27"'7yn)| _a’]<y]<a]7]-<.]<n}

2. There exists a C%! (resp. Lipschitz) function ¢, defined in
V' = {1,920 Yn1)| —a; <y; <a;,1<j<n—1}
such that

Qn
lo(y')| < ) Yy = (y1,Y2: - Yn—1) €V’

ANV ={y =" un) € Vlyn < 0(y)}
PNV ={y=0" ) € Vg = 0¥)}

Proposition 1.1 (Vector Green Formula).

/(E-AH—H-AE)dV
Q

:/(ExcurlH+EdivH—HXcurlE—HdivE)-uda
r

If div F = div H = 0, then

/E-curlcurlH—H-curlcurlEdV:/(E x curl H— H X curl E) - vdo
Q r

= /(1/ x E)-curlH — (v x H) - carl Edo
r
(1.46)
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Proposition 1.2 (Fundamental Theorem of Vector Analysis).
Pla) = = curl | v(y) x B@)(e.9) do) +V [ vl)- B)(z.9) doty)
ik /P v(y) x H(y)®(z,y) do(y) + curl /Q {eurl B(y) — ikH (y)}(z,y) dV ()
v /Q div B(y)®(x, y) dV () + ik /Q {eurl H(y) + ikE(y)}®(z, ) AV (y).
Proposition 1.3 (Stratton-Chu Representation Formula). If E, H € C*(Q,)NC(Q, U

') satisfy Maxwell equations in €2, and the Silver-Miiller radiation condition, then for
xr € Q+

E(x) = curl/ry(x) X E(y)®(x,y)do(y) + % curl curl/F v(y) x H(y)®(z,y)do(y)

H(z) = curl /

A v(z) x H(y)®(x,y)do(y) — écurl curl/ v(y) x E(y)®(z,y) do(y).

r

For x € Q2_:

E(z) = —curl/ry(y) x E(y)®(z,y)do(y) — %curl (:url/F v(y) x H(y)®(z,y)do(y)

H(w) = =cul [ vly) % H@)(.9) doty) + feurdeu [ o) x B@)@(a,y) doty)
Proposition 1.4 (Far Field Patterns).
B(3) = ik x| {vly) % Bly) + () x H{y) x e 7 da(y
(@) = ik x| {w(0) x ) = (o) x Bl) x 2} doty)
Proposition 1.5 (Rellich Lemma). If E,H € C'(2,) is a radiating solution of

Maxwell equations such that the electric far field pattern vanishes identically, then
EF=H~= 0 in Q+.

Definition 1.2. 1. T': The regular (Lipschitzian) boundary of the open bounded
set € in R3.

2. The tangential differentiation V; is defined by

Vi:i=vx(vxV).
3. Given a tangential vector field a, the surface divergence divr a is defined as

/gbdinada: —/thb-ada, Vo € C=(R?)
r r

4. H2(divp) = {v|v € Ly(T)3, v-v =0, divpv € Ly(I')}.
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5. H 2 (curlyp) = {v|ve Ly(T)3 v-v=0, curlpv € Ly(T)}.

Proposition 1.6 (cf. Cessenat [[10] section 2.4, corollary 2). v — v X v is an isomor-

. 1 di . .
phism from L3} " to Lyy" with inverse w — —v x w, and we have

curlpv = — divp(v X v)
divp w = curlp (v X w)
for v € H 2 (curly), w € H™ 2 (divy).

Definition 1.3. The Maxwell problem is to find a pair of radiating solution (E, H) to
the Maxwell equations

curl B —ikH =0
curl H +1kE =0

in ]R?’ ) with the boundary condition
vx E = /

where f € H 2 (divy). The data-to-pattern operator G : H™2 (divy) — L2(S?) is defined
by

Gf=FE~
where E*° denotes the far field pattern of the radiating solution E of the Maxwell
problem.

[ (@) = sup{[f(y)] | y € T'(x),x € T'}

E, :=(F-v)v
B, :=FE - F,
Vi :=v x (v x V)
Definition 1.4 (Silver-Miiller radiation condition).
lim (x x H+|z|E)=0

|z| =00

lim (x x E— |z|H) =0

|z|—o00

Sf(x) = / (e, y)f(y) doly), [ € Lo(T), x € RA\T
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iy S/0) = Jim S) = [ ¥e0) 1) doty) = Sw)

y—x
yely (z) yel'—(z)
Kfw) = ot [ S el e y)) () do(y)
47 elo |lz—y|=e ’flf _y’3
1
lim VSf(y)-vir) = (F51+K)f ()
yel's (2)
ICVSFIS A
1
lim divSa(y) = F50(2) - a(o) + pv [ div.{2(z.g)a(y)} doly)
yel's (2) r
1
ZIJILIQIC curl Sa(y) = $§1/($) x a(x) + pv/ curl {®(z,y)a(y)} do(y)
yel+ (z) r

y—T
yel+ () 2

lim v(z) X curl Sa(y) = :I:la(x) + pv/F v(z) x curl {®(x,y)a(y)} do(y)

lim  v(z) x (curlcurl Sa(yy) — curlcurl Sa(y_)) = 0

Y+ —T
y+€l4 ()

Ma(a) = v(e) x pv [ curl {(z, )as)}do(y)
Na(x) = v(z) x pv/Fcurl curl {®(z,y)a(y)} do(y)

Vv, x qe Y = jk(q x x)e” kY

V, % (V, x qe”* V) = ik -ik((q x x) x x)e” k=

= k% x (g x x)e_ikx’y

ik|lz—y| ik|z| -
curl, § a(y) i Lo ) 0 (1
2= 4] 7] p
ik|lz—y| ik|z| o
curl curl, {a(y) |6x - } — k26|7| {e—zkx.y@ x (& x a)+ O <%>}

divr Ma = —k*v - Sa — K*(divra)  for tangential a
divp(v X E) = —v-cwrl E
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1.3.1 Potentials and Boundary Integral Operators

vx Myp=(My—1I)¢
vX Moo= (Mg+1)g
vX Nip= N
vx N.o=Npp

In two dimension, the fundamental solution of Helmholtz equation is
i

Given k, for x € (), define the potentials S}, K}

(Se)(x) =2 / By (2, y)(y) AV ()

() Y(y)dV(y)

(pw)(a) =2 |
Qe
For x € €, define the potentials S}, K}

(S1)(@) =2 [ @l y)u)av(y

Ql
aq)k('r? y)
o3 ov(y)

For x € T, define the boundary integral operators Sy, Ky, K}, and T},

(Kp) (@) =2 P(y) dV(y)

(St)(x) =2 / Bi(z,y)iy) do(y)
0V (z,y)

r aV(?J)
' o [ 0%k(z,y)
(Kp)(x) =2 . a’;—m‘”(y) do(y)

0 0P (z,y)
Ov(z) /r ov(y)

(Kytp) () =2 Y(y)do(y)

Y(y) do(y)

(Tip)(x) =2

1.4 Problem Statements

1.4.1 Direct Problem

Transmission Problem

Find electric fields F., F; and magnetic fields H,, H; which satisfy the following equa-
tions

2
curl Ei = ’)/12 Bi Ei + Zkl <%) Hi
i (1.47)

2
curl Hi = ’}/12 Bi Hj - Zk'l (%) Ei
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Table 1.1: All Possible Media Combinations

outer environment inner obstacle case no.
achiral perfect conductor I
achiral achiral II
achiral chiral I11
chiral perfect conductor v
chiral achiral \%
chiral chiral VI

perfect conductor perfect conductor VII

perfect conductor achiral VIII

perfect conductor chiral IX

in €); and
2
curl B, = 42 B, Ee + ik (Z—) H,
¢ ) (1.48)

curl H, = 73 be Hy — ik, <%) E,

in ., with boundary conditions

vX E,=0vx E—v X E,
(1.49)
vx Hy=pvx H —v x H,

and one of the following two Silver-Miiller conditions

@xfu@+ﬁmm:o<i>

(1.50)
||
1
T X Ee(x) — He(z) =0 (W) (1.51)
x
Here E,, H, are the given incident fields in €2,.
Beltrami Transmission Problem
Given
l{fi ki ke ke
il = ir — T 7 5 el = T 5, or — T 1.52
IR T TvkA U TIoRA T Ivka Y
find the fields Qy, Qi and Qq, Qo Which satisfy the following equations
curl i1 =" i
Qn = 7 Qn (1.53)
curl Qir = Vi Qir

in €); and

curl Qe = Vel Qe (1.54)
curl Cger = —Yer Qer |
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in ., with boundary conditions

VXEO:(SVX%(Qir‘i‘Qﬂ)_VX%(Qer—i_Qel)

VXHo:pVX%(Qir_Qil)_VX%(ch_ch>

o

5 Qo) = 1Qule) =

(1.55)

and Silver-Miller conditions

|~

T X Qel(l‘) =+ 7 Qel(l‘)

=

(1.56)

|~

)
)

=

Here E,, H, are the given incident fields in €2,.

2D Transmission Problem

Find electric fields Fi, E. and magnetic fields H;, H, which satisfy the following equa-
tions

1
(1 —kB7) (1.57)
1 2 492 13 '
AHi: W{— (kl +kiﬂi)Hi+22kiBiEi}
in €; and
1
AEe - T {— (kz + kéﬁg) Ee - QikgﬂeHe}
(1—k282) (1.58)
1 )
AH, = —{— (K> + k*B?) H, + 2ik35.F
o= gy L (R KR Hot 2iR05.E.)
in ., with boundary conditions
Vo = (5E11 — Ee
wo = p H; — H
0F; 1 OH,; oF, 1 OH
— Rt St S R TTe T Z7e 1.59
o =9 (51 vk Ov ) (5«3 ov ke Ov ) (1.59)
- 5.%4_18& _ 5%4_18&
1=f oY k; Ov ¢ Ov k. Ov
and Sommerfeld radiation conditions
oF. . 1
W — ZkeEe =0 (W) (160)
0H 1
—° 4 ik H, = S 1.61
o ik =o () (161

as r — 0o. Here vy, wp, v1, w; are the given incident fields in €.
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2D Beltrami Transmission Problem

Find fields Qj, Qi and Q.1, Q.. which satisfy the following equations

(A+71) Q=0
(A+7) Qi = 0

in €; and

(A+75)Qa=0
(A + fygr) Qer =0

in ., with boundary conditions

0= 2(Qut Q) — 5 (Qur+ Qu)

Wo = %(Qir - Qﬂ) - %(Qer - Qel)

— 0 (iaQir _ laQil) 1 (LaQer _ ian)
L) Yir OV Yiq Ov 2 \ Yer OV Yo OV

W — p <iaQir _i_i@Qil) ot <iaQer _i_iaQel)
T 9 Yie OV Yq Ov 2 \ Yer OV Yol OV

and Sommerfeld radiation conditions

aQel . . 1
or + ZkeQel =0 (W)
OQex

, 1
or - Zkec‘zer =0 (W)

as r — 0o. Here vy, wp, v1, w; are the given incident fields in €.

1.4.2 Inverse Problem
Ly, H'(Q)

21

(1.62)

(1.63)

(1.64)

(1.65)

(1.66)



22

CHAPTER 1.

INTRODUCTION



Chapter 2

Direct Problems

2.1 Three Dimensional Cases

2.1.1 Uniqueness

Lemma 2.1. For Q; € Hy, (%) and Q2 € Hg,, 1,.(Qe) satisfy

ivp

curl @ = M@
curl Q2 = A\2Q

and the radiation condition

P Q) +1Qute) =0 (). el >
where A\, Ay € C with S\, S\ > 0, if
VX Qo =av X on I’
for « € C\ {0}, then
@Q1=0 on

Q=0 on

Proof. From (@) we have

23

(2.1)
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2.1.2 Existence
Chiral-Chiral

We propose the following ansatz

Qﬂ = (M, + N, ¢r
= (- ’erMl +N1r)¢2
= (ya M5, + NS) (G by + Grata)
= (—er scr + Nscr) (Ca1 1 + Coa 1)

where 1);’s are unknowns and (;;’s are constants to be determined later. The tangential
boundary traces are

= ('Yil(M'm —1I)+ )¢1

(_'Yir(M%r —1I)+ 'ylr)¢2

VX Qo = (’Yel(M%l +1)+ N'yel)(CH V1 + G2 v)
(—Yer (M, +I) + Ny, ) (Cor ¥1 + G2 02)

Substituting into the “master equations”, we have

1)
v = 5(—%(]‘4% — D)hg + (M, — )1 + Ny 2 + Nyyihn)

((N%r — Yer(L + M, ) (2Co2 + V1Go1) + (a(L + M) + Ny ) (¥2Ci2 + wlCn))

N —

and

w = Ep( Yie(My,, — D)o — ya(Moy, — 1)1 + Ny 0o — %Wl)
(( or — Yer (L 4+ My ) (W2Cog + 1) — (Ya(L + M) + N, ) (¥2Ci2 + %Cn))

Put the previous two equations into matrix form, we have

Ci1 Ci12 (0 (v
(021 C22> <¢2> B (w)
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where

’Yer<21 ’YelCn 5%1 C21 C21
o ( 2 2 2 ) I = Mooy e ="
Cit Cn 5%1
_N’Ye17_71 Vel 2 +N’m2 —1—7]\/[%1
Cly = (’7er2<22 - ’Ye12<12 + 2 ) I N'yer Cz M’yﬂ ’Yer2C22
Ci2 YeiCi2 d 5%r
N"Yel 2 M'Yel e2 + N’er § - TM'YH
i%r@l Z%lCn i%lﬂ . C21 C21
= I —N. oM., =
021 ( 2 + 2 + 2 ) Yer 2 + ny Yer 2
N C11 + i M C11 _N P M P
Yel 2 el Yel 2 Yil 2 il Yil 2
YerC2 Vel  1Viep . C22 C22
= I —iN, —=— M, =
622 ( 2 + 2 + 2 ) ? Yer 2 + ,y Yer 2
+iN. G2 + 17 M Gz + V. P — 1y M, p
Yel 2 Yel 2 Yir 2 Yir 2

We wish to make the appearance of hypersingular operators N;’s in c¢i1, €12, Co1, Coa tO
be in the form of the linear combinations of N, — N,, hence

Gr Cu 0

_x2b ST
2 2 +2
G2 G2 0

——— =4+ -=0
2 2 +2

iGa1 Ci1 P

5 +1 5 5 =0

G2 Ci2 P

175 +1 5 +1 5 =0

Solving the above, we have
o+ o — d— o+
=75 =7t =7t ==t
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Hence
—el(p+90) Yea(0—p) m p+o p+0
p—9 p—29 g 0
N’Ycr 4 — Ter 'Ych + N’Yili + M'Yil?
’7er<p + 5) 761(6 - p) 5’71r 1Y + Y P + 0
p—0 ., p—29 0 0Yir
N'Yel 4 M'Vel 4 + N’er 2 M'Yir 2
7: e +5 Z i /L er 5_ . _’_5 _’_5
o — ( 71(/:1 ) | 721p+ g (4 p)>l+ N%lp4 M%lp4
N PO g PO P P
+ Yer 4 ’Yer Yer 4 -1 7112 — 7 %12
Wer(p+0) 7 Vel (0 — +0 +0
622:(7 (Z ) 72p+ 71(4 p)>]_ N%rp4 L M%rp4
N P . p—20 P p
- Z‘Z\['Yel T - Z’}/61]\4’%1 4 + ZN’er 2 ZrylrM'er 2

Decomposing c¢;; = e;; + a;; where e;; only involves the identity transform I and a;; =

Cij — €45, W€ have
Ci1 Ci2\ _ (€11 €12 + a1 a2
Co1  C22 €21 €22 21 Q22

with
_ /Yel P + 6 ’Yer(a - ,0) - 5/711 I
4 2
_ 'Yer p + 5 ’Yel(fs ,0) + 5'Yir I
4 2
_ (el p +0) e el —p)Y
2 4
e ( ,0 +0) | wp a0 —p)
2 4
and
p+90 p+0 p—20 p—20 0 0vil
all - _N’YEIT PY M’Yel 4 N'Ycr 4 - ’y M’Ycr 4 + N’Yll 2 + M’Yll 2
p+5 p+0 p—90 p—90 ) 0Vir
a1z = _N'Yer 4 M'Yer 4 N’Yel 4 + 761M7e1 4 + N’er 2 M’Yir 2
p+9 +5 -0 . -0 .
Q21 = +ZN’Yel 4 + i elM'Y 4 N’Yer P 4 nyerM'Yer pT N'Yllg ZryllM'Vllg
p+o +6 o -0 ,
Q9o = —ZN%rT + werM%rp . zN,Yelp 1 WelM%lp . + ZN%rg erMmrg
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The determinant of {e;;} is

i
= 5 0eied” + %% + Y1 + e’

+ 40Y1Yir P — 20VerVieP + 207Vl Vief + 20Ver Vit — 20%e1Vitp + 40Yel Ver
+62’7€r71r + 627e1’71r + 627&711 + 62'791711)

Chiral-Perfect Conductor

M[+EN _i
Vel

Z’)/er 2761
N. —M —M
5 5 + — + —

5 Yer 2 Yer 2 Yel

Theorem 2.1 (Analytic Fredholm Theorem). Let D be an open connected subset
of C, and f : D — L(H) be an analytic operator-valued function such that f(z) is
compact for z € D. Then one of the following cases holds:

1. (1 — f(2))7! exists for no z € D.
2. (1 — f(2))7! exists for z € D\ S, where S has no limit points in D.

In case (2), (1 — f(z))~! is meromorphic in D, analytic in D \ S, the residues at the
poles are finite rank operators and if z € S then f(z)1) = 1 has a nonzero solution in
H.

2.2 Two Dimensional Cases

2.2.1 Uniqueness

2.2.2 Existence
Chiral-Chiral

We propose the following ansatz

Qll = K (G + Gatba) + S%(Cl:s% + C14ts)
= K (Cathr + Caatha) + S5, (Casths + Coatha)
Qel K5 (G + Geatbe) + 55 (Ca3ths + Gaatha)
= K5, (Cathr + Caotha) + S5, (Cas¥s + Caaha)
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where 1);’s are unknowns and (;;’s are constants to be determined later. The boundary
traces are

Qﬂ = (K, — D)(Cuthr + Giate) + S5, (Gi3tPs + Crathy)
K Co1th1 + Cootha) + Sy, (G303 + (244)
) + )

= (K, — I)(
Qel (K + 1)(Ca1thr + Ca2tb2) + Sy, (Ca3tPs + (aatly
(Koo + I)(

Qe = (o 1)(Gorth + Ci) + 5, (ot + Castn)
O (Gt + o) + (I, + 1) (Garts + o)
T Ty (Cort + Goat) (K, + 1) Gt + o)
Ot — Ty (Gorth + G + (K, = DGt + G
O 7 (Goath + Gon) (KL, — D)t + )

Substituting into the “master equations” (), we have

)
Vo = 5(( — I)(Cathr + Caath2) + (Ko — I)(Cuathr + Ciata)
+S,, (Ca3ts + C24¢4) + S5 (Cusths + Cratdy))
- %((K%r + 1) (Catr + Caota) + (K, + D) (Gatbr + Caata)
+ S (Casths + Caatha) + Sy, (Ca3ts + Caatha))
and

wy = %(( = I)(¥2Go2 + P1Cn) — (K — 1) (¥2Gi2 + ¥1C11)
+S (YaCos + ¢3<23) — 8oy (YaCua + ¢3C13))

- %((Kw + 1) (Yo + ¥1Cu1) — (Ko, + 1) (Y232 + ¥1C31)
0 (VaCaa + ¥3Ca3) — Sy (VaCaa + 13(a3))

and

n=} (i (L, + 1) (tb1on + sas) + T (20 + 11 Gon))
(02, D+ ) + Ty (i + )
(i (KL, = D(aCaa + ©3Ca3) + T, ($2Ca2 + 91Car))

- ((K'/Yel — I)(¥aCaa + 333) + T, (V2(32 + ¢1C31))>
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and

wy = % (’Yi (( ir + 1) (14Cos + 03Cas) + T, (V222 + ¢1C21))
( g T I (4Cra + ¥3Ci3) + Ty, (V2Gao + 1#1(11)))

(L (K., — 1) (thaCaa + ¥3Ca3) + T (th2Caz + 11a1))

"‘% (K., = I)(¥aCaa + ¥3Cs3) + Toy, (1h2Csa + ¢1C31))>

Put the previous four equations into matrix form, we have

€11 Ci2 €13 Ci4 (1 Vo
Co1 Co2 Co3 C24 (5 _ | Wo
C31 C32 C33 C34 V3 U1
Cq1 Cq2 €43 Cy4 (O w1
where
e = G F G +25C21 + 5(11[ K., C2 K, %1 VK, 5221 Km%
Cry —  Ga2 + (a2 +25C22 + 5(12[ K., C2 K, CQ VK, 5222 n K’m%
c13 = =Sy, %3 S C2 +S,, 5223 +S,, 5213
cu=—S,, %4 S C2 +48S,, %4 +68S,, %4
Cor = i(—Ca1 + (3 ; pCa1 + PCH)[ K, Cz VK, C;l ik, /)C221 i, /3211
Cop — i(—Ca2 + (32 ; pCa2 + pCi2) [—iK,, CQ vk, CQ ik, pC222 i, /34212
Coz = —15,, C2 + 05 C2 +ipSy, %3 - ipSw%
Co4 = —15y, C2 + 055, 1C2 +ipSy, %4 - ipSw%
ca1 = =T, ;%r +T,, 2% + 7, 2(:% 5TW%
Cap = —T%,% +T,, 247 + 0T, 2%2 5Tm%
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% 2’7er 27e1 2/7/1r 2/711 ’Yer el 27 1 27 i 271
g — Caa _ (34 5C24 _ 0C14 K C44 LK C34 15K g_ K C14
i 2Yer 2%1 2% 2 Ko 2Yer el 2y T 2% " 2y
G . G a1 Ci1
Ca1 = T’Yer Q,Yer ZT’Yel 2/}/ + pT’er 2711" IO Vil 27
) Ca2 . (32 . G2 . Ci2
= I, =— —qI, == T T, =
2 e 2Yer " 2%e1 MG 2% Tt 27vi
Crn — i Ca3 4 C33 4 PG23 4 J4SE I — iK' Gz K Gs3. LK PG23 LK JUST}
. 2% 2% 2% 27 7 2Yer el 271 T 2 i T 27
Caa :Z.<C44 I (34 I PGa4 4 PCM) I K,’y & —Z'K; C34 X K’ PC24 nw K;‘ pCa
2’7er 2’7(31 2Wir 2’)/il er 27er o 27 1 2’7 ! 2711

We wish to make the appearance of hypersingular operators T}’s in cs1, ¢392, c41, C42 tO
be in the form of the linear combinations of 7}, — T},, hence

0= — C41 + CSl + 5 C21 _5 <11
2')/er 2761 2’}/ir 2’711
0= — C42 + C32 + 5 C22 =S €12
2/Yer 2%1 2fyn" 2’711

G C1 . Cn
0=—1 —1 +ip +1

2’76r 2/'}/el 2"}/ur P o 2711

G2 G2 G2 Gio
0=—1 —1 +1 +1

2Yer 27l p2%r '02%1

Solving the above, we have

Ye1VirC11(p + 6) + Yervalar(p — 6)
2791 Yir
YeiVirCi2(p + 6) + Yarvulaz(p — 0)
271 Yir
—YerYir€11 (0 — p) + YearYurC21(p + )
291 Yir
—YerVir€12(0 — p) + YarYuGa2(p + )
271 Yir

(a1 =

(a2 =

(=

Ca2 =

All ¢;;’s but (31, (32, Ca1, Ca2 are independent constants; we have the following selec-

tion

Ci1 = 27 C2=0 Gz=1 Ca=0
Ci=0  C2=2%w (3=0 (u=1
(31 = Yer(p +0) G32 = Yei(p — 6) (3 =1 (34 =0
Ca1 = Yer(p — 0) Ca2 = Yer(p +9) C3 =10 Cuu=1
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With this selection we have
Qn =27 Ki/iﬂbl + Sivuiﬂ?’
Qi = 27 K, Y2 + S, 1y
Qua = KS, (Ver(p + )1 + var(p — 0)1h2) + S5 s
Qer = K (Yer(p — 0) 01 + Yer (p + 8)102) + S°_ 14

and
= (2791 + Y — %gé + (Yer + Ye1)p I_ %1(/)2+ 9) K, — M K., + 67K,
N € e %12)5 + (er + 710, %r(p2+ 5) K, - M Ko+ 6vk,
13 = gsm - %S’Yel
Cl4 = gS’yir - %Sver
oy — 27— Yer + %1;,0 t+ Qe +9)0 i%l(/; +0) K, - i%r(pT—é) K. — iy,
by — — e T Ve = %12)/) + (er +7a)0 , iver(/; +9) K, + M Ko+ inpks,
Co3 = %S%l - %ps'm
C2q4 = %psw - %chr
cy = =0T, — pT_(STver + pT—H;Tm
cs2 =0T, — MTWH %STM
C33 = —m] — iK/‘ + Ll(/
2%i1Vel 29 M 29 ™

Cay = %; ;rlr ::er ja Qir K - 2;% K
en =il - 2, N0x g
Cag = ipTh, — Z(p; ) T, — Z(p; ) T,

(i1 + pYel p i
C43:WI+E %I—EI i
Ciq = 2(7;71£?6r>[ * QZ’Zr e ™ zéer o

Decomposing ¢;; = e;; + a;; where e;; only involves the identity transform I and a;; =
cij — €5, we have

C11 Ci2 C13 Ci14 €11 €12 €13 €14 11 Q12 Az daiq
Co1 Co2 C23 Coga | | €21 €22 €23 €4 + Q21 Q22 dA23 A4
C31 C32 C33 C3q €31 €32 €33 €34 a31 a3z az3z aAs4

Cq1 C42 C43 Cy4q €41 €42 €43 €44 Q41 Q42 Q43 Q44
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with
(27 9 = Yer)S + (Yer + Yel)p
€11 = — 5 I
o (271r + Yer — 761)5 + (76r + ’Yel)ﬂ
€12 =— — I
2
€13 = 0
€14 = 0
. .(Z’Yil — Yer + %I)P + ('Yer + /Yel)(;
€21 =1 5 I
o ‘(Z’Yir + Yer — ’Vel)p + (’Ver + 761)5
€99 — —1 I
2
€93 = 0
€24 = 0
€31 — 0
€392 — 0
i 5 e
€33 = _u[
291%el
ir 5 er
C34 = u]
2/yirf)/er
€41 = 0
€40 = 0
e = i + pre)
27i1el
ess = i(Yie + p’Yer)I
2")/irﬁ)/er
and
+90 (p—29
ap = —%Km - %Km + 0Ky,
er(P T o e -0
aiz _%Kﬁ/er - %Kﬁ%l _'_ 5ﬁyirK'Yir
a13 = 0
a4 = 0
Q21 = %K}’el - %Kﬁ’er - ZlyﬂpK'Vil
Yer(p+ 0 iYa(p—9 :
a/22 = _%K’}’cr + %K’Yel + 271er ir
1 ip
a23 = 5%, — 55
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asy = _6T'Yil 2 T’Yer 2 T'Yel
+6 -0
azg = 0T i P 5 Tﬁyer —+ pTT%l
51
- K
@33 2y M 2y
a34 i ! _ 1 /
2%1‘ Yir 2’7er Yer
‘ i(p—0) i(p+9)
a4 = /LpT'Yﬂ 2 Yer 2 T’Yel
. i(p+0 i(p—9
Q42 = /LpT i (p 2 ) T"/er (p 2 ) T’Ycl
aw= P g
3 2 Vil Vil 2,}/ 1 Yel
as = P g g
44 2711‘ Yir 2761” Yer

The determinant of {e;;} is

YeYirp + Yer Vit + 20Ye1Verp + 291%ir + 0%elVir + 0Ver Vi
8Yel Yer Vil Vir
X ((YerYie + Vel Vie + YerYit + YerYin) 02
+ (4yYir — 2%erYir T 2%eYir + 2%erYit — 2%Vt + 4%l Yer)0p
+ (YerYir + YelVir + Yeryit + ’Yel’Yﬂ)52) )

which can be simplified as

(’Yelfyir + ’yerfyil)p + (’Yelfyir + 7er7il)5 + 257617&%,0 + 2’711’)%
SFYelﬂVEr’Yil’)/ir
X ((YerYie + Yerv1) (0 — 6)* + (Yer¥ir + Yervit) (0 + 6) 4+ 4(VarYir + Vel Yer)9p) -

Chiral-Achiral

The “master equations” are

Vo —

| S

(Qir + Qil) - %(Qer + Qel)
Wy = _p(Qir - Qil) - %(Qer - Qel)

~

2
(A0 100N 1 (100: 100
L k; Ov k; Ov 2 \ Yor OV Yeou OV
W = w (lanr +18Q11> N 1 (LaQer + i@Qd)
Y7o Ky ov ki Ov 2 \ Yer OV Yei OV
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We propose the following ansatz

Qn = Klici(gllwl + Cuat2) + Szigi(ﬁslﬁ?) + C1ats)
Qi = K (Gathr + Cootha) + S, (Casths + Coatha)
Qa = K5 _(Guth1 + Gaata) + S5, ((33%03 + (3a104)
Qer = K5 (Cu1¥1 + Cao¥2) + S5 (Cazts + Caatha)

where 1);’s are unknowns and (;;’s are constants to be determined later. The boundary

traces are

Qi = (K, — 1)(Cithr + Ciatpa) + Sk (Cistbs 4 Cratba)
Qir = (K, — I)(C1thr + Co2v2) + S (Casts + Coatha)
Qe = (Ko + 1) (Ca1t01 + (aoth2) + 55, (C333 + (34¢4)
Qer = (K5, + 1)(Cantr1 + Caoth2) + S5, (Casths + Caatha)
886211 = T, (C1t1 + Cioth) + (K, A 1)(Ci3ths + Cathy)
88@; = T (Carth1 + Cootha) + (K, + I)(Casths + Caatha)
65?;1 =T, (Gt + Goatho) + (K — 1) (C3tbs + C34¢a)
a er

8QV =T, (Cnth1 + Caath2) + ( — I)(Casv3 + Caals)

Substituting into “master equations” we have

Vo = g((Kk — I)(2Go2 + Y1 Ca1) + (K, — I)(¥2Ci2 + ¢1Can)
+Sk; (V424 + ¥3(23) + Sk (Yalra + ¢3C13))
— (o + Daan +trCa) + (B + D)t + o)
4S5 (V4Cas + 13Cu3) + Shy (VaCas + 1333))
and

wy = %((Kk — 1) (Y22 + Y1 Co1) — (K, — 1) (¢2Gi2 + ¢1Cin)
+ Sk, (VaCos + V3C23) — Sk (VaCra + 1/13C13))
- %((Km + 1) (¥2Ga2 + ¥1Cu) — (Ko + 1) (YhaCa2 + 11Ga1)
+S, (V4Cas + V3Cu3) — Sy (Vaaa + 13Cs3))
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and
ng(%«KA+DWKM+%@9+%W%m+%@m
k(m+IMMM%%@+meﬁWMM)
%(%— e = D (WaCas + P3Ca3) + T, (Y2a2 + ¥1Ca))
(05, = DG+ 1) + wwmﬁw@m)
and

w = P (L (KL 4 DG + aCas) + T (s + th1Gar))
k:
Ky, + 1) (aCia + ¥3Gi3) 4 Th, (212 + ?/11C11))>

k(
(% = D) (¥4Cas + ¥3G3) + Ty (V2az + ¥1a1))

7
)
1
‘f'z (K, — 1) (1aCas + 3Cs3) + Ty (2Csa + ¢1C31))>
Put the previous four equations into matrix form, we have
C11 Ci2 C13 Ci4 {23 Vo
Ca1 Ca2 C23 Co4 {5 _ Wo
C31 C32 (€33 C34 )3 (%1
Cq1 C42 C43 Cyq 1/14 w1
where
+ + 00 +0 +
11 = _C41 (31 - Co1 Cul K, C;l B Km% + Ky, (C212 Cn)
Cry =  Gi2+ G+ 0G0 + 5C12] K, Gaz K, S Gs2 bR, 0(Co2 + C12)
2 ) <2 2
Ca3 (33 d(Ca3 + C13)
013 - _S'Ycr7 - S’Vel? _'_ Ski 2
Caa (34 0(Coa + Cia)
014 = _S'Yer7 - S’Yel? + Skl 2
7 — + — —
Gy = — (C41 (31 2/3(21 PCH)I _ K C;l 1 K%l C;l + Ky, (C212 Cn)
) — + — —
Cpp = — (C42 C32 + pCaz PClz)I K, 22 C +ik,, 22 (32 + Ky (sz C12)
2 2 2 2
Ga3 (33 ip(Cas — Cis)
023:—5% 2 +8712 +S —2
Cos = —iS, <2 +iS,, 16;4 + S, —(4242_ G1a)
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Ca C31 8(Ca1 — Ci1)
=-T T
€31 Yer 2761‘ + Vel 2 i le
a2 C d(Ca2 — Ci2)
=_T T Ty ———=
C32 Yer o ~ + 15, 27 + ok
e kl - erkl 6 el Jer - 5 el Jer 5 -
- YerkiCa3 — VerkiC33 + 0Ve1VerG2z — 0Yel Y, Cl3j. K a3 LK (33 + KL (Co3 — Ci3)
27e1’yerki Ter 2’)’ el 2’}/ ! 2]€1
e ki - erki 6 el Jer - 5 el fer 5 -
Cay = VerkiCaa — VerkiCza + 0VerVerCos Vel <14I K Gaa LK (34 n K,;_ (C24 C14)
2’761/Yerki Ter 27 er el 27 ' le
o G G ip(Car + (1)
= T, 2L T T,
u ' e 2/7er ' %12 Vel i ki le
. C42 . (32 ip(Caz + Ci2)
= T — T T
Cq2 l Yer 276r Yel 27 + le
eki erkl el Jer el Jer .
S Ca3 + YerkiCss + VerYerPC2s + Vel VerPC13 ¢ pos G435y Ca LK ip(Cas + C13)
27e1’7€rki Ter 2')/ el 2’)/ 1 ki 2]{31
eki erki el Jer el Jer . )
o = i Caa T+ YerkiCaa + YelYerPSot + YelYerPS1a . oper St g S Kl ip(Coa + C14)
2%l Verki 7 2Yer T 2l ' 2k;

We wish to make the appearance of hypersingular operators T}’s in c31, 32, ¢41, €42 tO
be in the form of the linear combinations of T}, — T},, hence

C41 + C31 + 6((21 - Cll)

0=-—

2/76r 2761 2]{51
6 _

0= — Ga2 n G2 n (C22 — Ci2)
2’Yer 2’761 le

0= Ca1 iy (31 n ip(Car + C11)
2’Yer 279,1 2k1

0= C42 y (32 n ip(Coz + Ci2)
2f>/er 2761 2]'{:1

Solving the above, we have

Yer (Cr1(p +6) + Car(p — 9))

(31 = o

Cop = Yer (Cr2(p + 6) + Caz(p — 0))
32 = o

Cot = —Ver ((11(5 - p) — (a1 (P + 5))
41 ok

Gy = e (G200 = p) — C2(p +90))
42 = ok

All ¢;;’s but (31, (32, Ca1, Ca2 are independent constants; we have the following selec-
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tion

Ci1 = 2k; C2=0 Gz3=1 Ca=0
C1=0 Co2 = 2k; C3 =0 Ca=1
G31 = Yel(p +0) G32 = Yei(p — 6) (3 =1 (34 =0
Ca1 = Yer(p — 0) Ca2 = Yer(p +9) G3 =0 CGuu=1

With this selection we have

Qun = 2k; K} b1 + S
Qi = 2k K} 1y + S} 14
Qa = K5, (ya(p + )1 +7alp — 0)2) + S5, 13
Qor = K5 (Ver(p — 0)1 + Yer(p + 0)102) + S5 %4

and
er e 2k1_ er e 5 er _5 e 5
oy = Qe T a)p + (2K = Yor £7)0 ; Fer(p )K%r_m(er >K%l+5kiKki
2 2 2
er_l' e + 2k1+ er — e 5 er +5 e _5
ey = e T 7a)p (2 Yer = Yet)d (02 ) %r_'Yl(p2 )Km+5kiKki
) 1
c13 = 55k ~ 5%
) 1
€14 = 35k ~ 5%
er 65 le_ er e .e 5 .er _5 .
Cm:i(v + 1) +(2 gl +71)p[+wl(p2+ )K%l_w (92 )K%r_lkipKki
er e le er = e 'er 5 ‘e _5 .
022:_2-(7 +7a)0 + K+ Yoo — )P, Dl F )Kver‘i‘mf(%l‘i‘lkipl(ki

2 2 2
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C23 %Svel %pski

Coq = %{)Ski ésver

O 5Tver pTMTm

s = g = g+ K
ki + 0Yer ) 1

C34 = TJ;ZI QkiKl/ci - ﬁ ;

cqr = ipTy, — Z(p2— 6) Yer Z(/);- 5) Yel

cag = 1pTy, — z(p;- ), Yer z(,o2— 0) T,
1(k; o 1 1

C43 = ilhi + pa) 21;12? l)] + 2—2—’(1; T2 Y

. z(k;;;;l;%r) 7 2@_}2 - % K

Decomposing c¢;; = e;; + a;; where e;; only involves the identity transform I and a;; =
cij — €5, we have

with

C11
Ca1
C31
Cq1

Ci2
C22
C32
Cq2

Ci13
Ca3
C33
C43

C14 €11 €12 €13 €14 ajp a2 Az a4
Coa | _ | €21 €22 €23 €24 + 21 Q22 dAg23 A4
C34 €31 €32 €33 €34 az1 (32 Aa33 A34
Cqq €41 €42 €43 €44 A41 Q42 A43 Q44

('Yer + %I)P + (2k1 — Yer + Vel)(s

€11 = — 9 I
o (’Ver"i‘fyel)p"’_(zki"i‘”yer_761)6
€19 = — I
2
613:0
614:0
er e 5 2kji_ er e
0y — i LJer + 1) +(2 Yer +Ye1)P
er e 6 2k1 er — Je
622:—i<7 + Ye1)d + (2ki + v 71)01
2
623:0

624:0
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€31 = 0
€39 = 0
e _ ki + 57611
B 2’7/e1ki
ki + 5’7erI
egy = ————
i 2’79rki
€41 = 0
€q2 = 0
i(ki + pya)
= TPy
a3 27611{71
644 — Z(ki + pﬁyer)]
2’Yerki
and
er d alp+0
o = _% a0 e sk,
er + 5 e - 6
12 = _%K’Yﬂ — %K’Yel + 6kiKki
) 1
a13 = 55k — 55
) 1
11 = 55 — 5%
iVe(p + 0 Yer(p — 0 .
21 = %Kw - %Km — ikip K,
Wer(p+ 0 Ye(p— 0 .
a22 — _% Yer MK’}%[ _|_ ZklpKk‘l
7 p
a23 = 5 — 5 Sk
p 1
Qg4 = 551“ - 55%“
-0 +9
as = 0Ty — 22T pTT%I
p+o p—20
azg = 5Tk1 — T Yer + TT'Yel
0 1
— __K/ _K/
@33 2: ki T 2Vl Vel
) 1
— _K/ _ _K/
a34 2]{;1 ki 2731‘ Yer
. i(p—20 i(p+90
Q41 = Zka?i - (p2 >T'Yer - (p2 ) Vel
. i(p+9 i(p—20
a1 — ipfTy, — (p2 )T%r B (02 )T%l
W Lo
=Kk - K
= le i 2’}/61 el
o L
Q44 =

2k1 ki - ﬁ Yer
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The determinant of {e;;} is

4,7 1 k.2 (IVEYkip + Velkip + 25’761’7erp + 2]@12 + (S’Yerk’i + 5’}/61]{51)

X (Yerkip® + Yarkip® + 20k7p + 26%eYerp + 6 Yerki + 0> Vet ki)

Achiral-Chiral
The “master equations” are
(er + Qll) (Qer + Qel)
z'

g(QH Qu) = 5(Qur — Qeo
0 1 8Qir 1 aCs?il 1 aC2er 1 aCZel
V1 = < - — — —_ —
2 \ v Ov Y Ov

1 3 ir 1 8 i 1 a er 1 a €
wlz_(_ Qr 1 Ql)_%(_i+_ @1)

ke Ov ke Ov
Yir OV Vi OV ke Ov ke Ov

We propose the following ansatz

Qn = Kél(Cn@Dl + Gat2) + S, (Cisths + Craths)

L (Cathr + Goath) + S1, (Casths + Coatha)
Qel = K (Gt + Gath2) + Sy (Ga3ths + C3ats)
Qer = K} (Ca1t01 + Gaoth2) + Sy (Cusths + Cuathy)

where 1);’s are unknowns and (;;’s are constants to be determined later. The boundary

traces are

= (Ky, — I)(Cut + Ciata) + S5, (Cistbs + Cratha)

= (K, — I)(Cath1 + Goathe) + Sy, (Casths + Coathy)

Qel = (K, + 1)(Ca1v01 + G3ot02) + Sk (G333 + C34104)

Qer = (Ki, + 1)(Carthr + Caot2) + Sk (Casts + Caatha)

3@@}/11 = T, (Cut1 + Giotha) + ( L+ D)(Cists + Craths)

3@@; = Ty, (Cnthr + Caatha) + (K + I)(Casths + Coatha)

8;2;1 = Ti (G114 Goto) + (K, — I)(G3303 + C3atha)

8gier = T (Ci1¥1 + Caota) + (K, — I)(Casths + Caatha)
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Substituting into “master equations”, we have

0o = 3 (K, — D) (Wan +aGor) + (K — D)nra + 1)
+S, (¥4Coa + 13Ca3) 4 Sy (Yaia + ¥3(13))
- %((Kke + 1)(2€a2 + 1Cu) + (Kg, + 1) (¥2G32 + ¥1C31)
+Ske (VaCas + ¥3Ca3) + Sk, (Valas + %Cs:s))
and

wo = P (K, — D)W + 1) — (K, — D)(¥ner + 1)

2
+80, (aCoa + 3Cas) — Sy, (Yaia + ¥3(13))
— 5 (K, + D(WaGaz + 1Gn) = (K, + 1) ($aGon + Y1)
+ Sk (VaCaa + ¥3Ca3) — Sk (Valsa + V3(s3))

and

vy = g (i ((K; + 1) (Y42 + ¥3C23) + Ty, (Y2l + ¢1C21))

1r

_,% (KL + 1) (1haCra + ¥3Ci3) + Ty (02C12 + ¢1C11))>

il

1/1

-5 (k_ ((K,’ge — 1) (4Caa + V¥3G3) + T, (V2Ca2 + ¢1C41))

_ki ((Kllc — 1) (¥aCsa + 3(33) + Tho (Y2l32 + Z/11C31))>

(¢]

wy = % (i ((K; + 1) (¥aCos + ¥3C23) + Ty, (¥2loz + ¢1<21))

1

‘|‘% (K + 1) (aCia 4 ¥3C13) + Ty (0212 + 1/11C11)))

il

5 (- (U6l = D0+ ¥ + Tl + )

"‘ki ((Kllv — 1) (¥aCsa + 3(33) + Tho (Y232 + ¢1C31))>

Put the previous four equations into matrix form, we have

C11 Ci2 C13 Ci4 Py Vo
Co1 Co2 C23 Coq () _ | Wo
C31 C32 (33 C34 )3 (%1

Cq1 Ca2 C43 Cyq Py w1
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where
) ) ) 0
- G+ G +2 Go1 + CHI ~ Ky Ca1 —12* (31 n K’Yir% . K’m%
) ) ) 0
1y —  Ga2 + G2 + 0G0 + C121 _ g, et Caz + (32 LK, 0G22 + K, 2 Ci2
2 2 ir 2 i 2
+ ) )
Crg = —G, 28 TG Ca3 + (33 4, K (a3 s 013
2 2 2
+ ) )
c14 = — Sk, Gaa T Caa 5 o + S%r% + SW%
oy — (G — G +2;0<21 - PCn)I _ K}ggw LK, @pggl K, ngn
Ca2 = —Z(C42 — Gt Pl — P(m)l — Kkew + K, PGz KW@
2 2 ir 2 i 2
i(Cas — i i
Co3 = — S, (Ca3 — (33) + 8, pCa3 -8, pC13
2 2 2
1 — 1 1
(o = —Sh, (Caa — G34) + S, PG S, /PG4
2 2 2
C41 31 021 0Ci1
= T - T, ——
C31 le + Yir 27114 7Yil 2’}/11
Ga2 — (32 5(22 5C12
= -1 T - T
C32 ke™ a7 2 + 15, 2%r il 2%1
- Yi1YirGas — Yi17ir3s + 0VikeCas — 0VirkeCi3 , C43 (33 , 0Ca3 , 0C13
C33 = I — + K, == -K —
291Vicke 2k, T 2y T 29
Co = Vil VirCas — VirYirCaa + 0VkeCos — 5%r/€eC14[ _K| Caa — Q34 LK 0G4 K 014
2’711711‘]{76 le Tir 27ir il 2f'}/il
i(Ga1 + Ca1) ipGa1 1pC11
=Ty ———>+T T
C41 ke 2ke + Yir 2,ylr + il 2711
i(Ca2 + C32) 1pCa2 ipCi2
=T, ————=+T T.
Cq2 ke le + Vir 2,'}/11‘ + il 2,}/11
) il Jir il" Jir i ke irfve ) ) )
i — i(yayirCas + vy C;:a + 71:5 pC2s + Vi PC13)I B K}QQW v Z2p<-23 LK zgg.lz),
YilVirRe e Yir il
o = i(Vi17irCaa + %1%%4 + YirkepCaa + Vi ePC14)I K’ (Caa + C34) n K;ir 10pCoy4 n K;ﬂ ipCiy
'711'71rk0 ch 2f)/ir 2’)/il

We wish to make the appearance of hypersingular operators T}’s in cs1, ¢392, ¢41, C42 tO
be in the form of the linear combinations of T}, — T},, hence

0— G —Ga i 0Ca1  0Cu
2ke 2ve  27ma

<42 B C32 + 6C22 . 5C12

0=—
2ke 29 2
. L : .
0= G+ G) + ipGa1 n ipC11
2k 2% 279;
{ + i 1
0 - G2+ G) | PG | ipGro

2ke 2’Vir 2’}/11
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Solving the above, we have

ke (Vi1 (p + 0) + 72 (p — 9))

G = .
Vil Vix
ke (xCa2(p 4 0) + 7ula(p — 9))
(32 = 5
il Vir
ke (€116 — p) — YCar(p +6))
Ca1 = 5
il Vir
_ —ke (716128 — p) — yCa2(p + 9))
42 271

All G;;'s but (31, (32, Ca1, Ca2 are independent constants; we have the following selec-
tion

C11 = 27 C2=0 Gz =1 Ca=0
C1=0 Co2 = 2% C3 =0 Cu=1
G31 = ke(p +6) G32 = ke(p —9) (33 =1 (34 =0
Ca1 = ke(p —9) Caz = ke(p +6) G3=0  Cu=1

With this selection we have

Qn = 2y K} 1 + 53, 1bs
Qu =27 K s+ Sty
Qe = K (ke(p + 0)1 + ke(p — 0)1p2) + Si 3
Qer = K (ke(p — 6)U1 + ke(p + 6)102) + Si 14
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c11 = (—/{:ep - 5’711)] - kepKke + &YﬂKWil
12 = (—kep = 0% — kepKp, + 071 K,

) 1
13 = §5m - §Ske
) 1
_ 0 _1lg
C14 9 Yir B ke

Co1 = Z(’}/ﬂp + (Ske)f + Z'/{ZeéKke — Wﬂme

Coo = —i(’yirp -+ (Ske)f — ike5Kke + Z"yler ir
7 ip

c23 = 55k — 55
1p 1

C24 = 5%y — 55%

C31 — —(ST%] -+ (STke

C32 — 5T’Yir — 5Tke

5ke + Yil ) 1
=T Hr K 4 K]
33 27ike 29y M * 2k, e
Oke + i o 1
= Ly K — K
e 2’}/irkje i 27ir Tix 2ke e

Ca1 = ipT’Yil — Zkae
cap = 1pT5, —ipTh,

ilkep+v) , | ip i

= - 4 - —K
BT oy 2w M 2k
i(kep + fVir) i,O / i /
cad 2'.}/irke * 271r i 2ke e

Decomposing ¢;; = e;; + a;; where e;; only involves the identity transform I and a;; =

Cij — €5, we have

Ci1 Ci12
Ca1  C22
C31 C32
Cq1 Cq2

€13 C14 €11 €12 €13 €14 11 Q12 Aaiz daiq
Coz Coqa | | €21 €22 €23 €24 + Q21 Q22 dA23 A4
C33 C34 €31 €32 €33 €34 a31 a3z aAz3 AaA3z4

C43 C44 €41 €42 €43 €44 Q41 Q42 Q43 Q44
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with

and

€11 = (—k?ep - 5711) I
€12 = (_kep - (5’Yir) I
e13 =20

ey =0

ea1 =1 (yp + 0ke) I
ez = —i(Yiep + 0ke)I
ey3 =0

egs =0
e31 =0
ez =10
ess — _5ke + i g
27k
Oke + Yir
o 27icke !
eq1 =0
€40 =10
Z'(kep + 711)
s = 27k !
€44 = —Z<k;§ir+k:ir) 1

ay = —kepKy, + 0Ky,
a1z = —kepKj, + 0y K,

) 1
a13 = 555 ~ 5%
) 1
—%s .3
a14 2 Yir 2 ke

ag = 1k Ky, — imupKy,
99 = —ikeéKkC + Z’erpK )

ir

7 ip
Qg3 = §Ske - gswil

1P 1
a2 = 5 S — 55k

45
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asy = —5T»m + 5Tke
a3y = 6T’Yir — 6Tke
) 1
S (A
S S TTS
) 1
= K - —K
a34 2’Yir Vir 2k, ke

[N Z‘pjﬁyil — Zkae

/
K,

ago = 1p15, — 11y,
i_pK, — LK];

R T
P Lo

ay=—K ——K

44 Z,Yir Yir 2ke ke

The determinant of {e;;} is

ak? (20k2p + ickep + Yitkep + 0icke + 07ike + 270171
il" fir e

X (Yickep® + Yirkep® + 26k2p + 207907iep + % Yicke + 67 Yirke)
Chiral-Perfect Conductor

The “master equations” are

Wy = _%<Qer - Qel)

w __3 iaQer_'_iaQel
L Yer OV Yei OV

We propose the following ansatz

Qo = K7 Gt + S5 Ciathe
Qer = K5 (1901 + S5 Coatho

where 1);’s are unknowns and (;;’s are constants to be determined later. The boundary
traces are

Qe = (K'Yel + I)C11¢1 + SwClQ@bz

Qer = (K., + I)C1th1 + S5, G2
00, ,

(r?yl =T, ,Cur + (K’Yel — INCiats
0Qer

ov

=T\ Cnthr + (K. — T)Cors
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Substituting into “master equations”, we have

wo = _%((K7er + D)1Car — (Ko, + DnGin + Sy thaCor — 95,1262

2 \ Ver

Put the previous two equations into matrix form, we have

(Cn 012) (%) _ (wo)
Co1 C22 (> wy

wy = L < L (K., — D)tpaCon + Ty th1Cor) + % (K, = DibaGrz + TM%CH))

where
i(Ch—C1), ... G ... C(un
€11 = TI - ZK’Yer? + ZK’Yel?
. Cl2 . CQZ
C12 = 25’7917 - zS’Yer?
Co1 — —3T ﬁ )T CH

Yer 2,_)/61‘ —1 ’Yel%

022:Z~(C22+<12)I_Z~K/ €22 _ZK/ g
2/7er 2761 € €

We wish to make the appearance of hypersingular operators T}’s in c9; to be in the
form of the linear combinations of T}, — T},, hence

- Ca1 (i
—1 —1 =0
27er 2/'}/el
Solving this, we have
(i1 = _ECﬂ
/Ver

All ¢;;’s but ¢y are independent constants; we have the following selection

Cn = Vel C12 =1 C21 = —Yer G2 =1

With this selection we have

Qel = ]:('(:’el’)/elw1 + S’?’ele
Qer = _Kf\c;er’}/er,@bl + Sseer

and
C11 = ¢ Oer 4 %e1) (%r; %1)—7 + i;er Ky — %Kw
C12 = %Svel - %Sver
Co1 = %Twer - %Tm

i (1 1 1 1
= (—+—)1-—K - —K
22 2 (’Vel * f}/er) 2")/elr Ter 2761 el
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Decomposing ¢;; = e;; + a;; where e;; only involves the identity transform I and a;; =
Cij — €5, we have

Ci1 Ci2\ _ [€11 €12 + a11 Q12

Co1  C22 €21 €22 21  G22

{ (’Yer + 'Yel) I
2

1 1
(— " _) I
Vel Yer

with

€11 =

€12

I
o o

€21

€22 =

N | .

and

Z‘P}/er iﬂyel
TKW - TK%I
7 7
app = 55%1 - 53%

7 7
Qg1 = §T’Yer - §T’Ye1

11 =

Z/_L/

Q22 = —5—
2f}/er Yer 2,)/61 Vel

The determinant of {e;;} is

- ('Ver + 7«31)2
4’)/elﬁyer



Chapter 3

Inverse Problems: Factorization
Method

General references: Cessenat [10], Colton and Kress [12], Mitrea et al. [20], Nédélec
[23].

3.1 Achiral-Perfect Conductor

3.1.1 Reciprocity Relations

Assume z,2 € Q,, 2,d € S?, p,q € R3.
Given the incident electromagentic wave

E°(z,d,p) = %Curlx curl, pe™™ 4 = ik(d x p) x de™*,

HO(x,d, p) = curl, pe™™? = ik(d x p)e™™,
the scattered field is denoted by
ES(‘(L” d’p)7 HS(I’ d?p)
with corresponding far field pattern
E>*(z,d,p), H™(z,d,p).
Given the incident dipole
Eo(x,z,p) = % curl, curl, p®(x, 2),
HY(x, z,p) = curl, p®(z, 2),
the scattered field is denoted by
ES(x,z,p), Hy(r,z,p)
with the corresponding far field pattern
EX(Z,2,p), HZ (%, z,p).

49
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The total field is denoted by

( ) = E°(z,d,p) + E°(z,d, p)
( ) (z,d,p) + H*(z,d,p)
Ey(,2,p) = Ey(2,2,p) + Ey (2, 2,p)
( ) p) + Hy(x,2,p)

Theorem 3.1 (Mixed Reciprocity Relation).
p- ES<Z> -, CI) = 4dmq - Ego(ia z,p)

Proof. From proposition (@) we have

dnq- EX(3,2,p) = / v(y) % By, 2.p) - HO(y, i)
I
+v(y) x Hy(y,2,p) - E°(y, —2,q)do(y) (3.1)

From Green formula () we have

/FV(y) x Ey(y,2,p) - H(y, —%,q)
+v(y) x Hy(y, z,p) - E*(y, —2,q)do(y) =0 (3.2)

Add (@), (@) and apply the boundary condition
v(y) x B(y,—#,q) =0 VyeTl

we have
tng- B (o.0) = [ vly) % By(w.22p) - H(y, ~,0) do(y) (33)
I

From Stratton-Chu representation,

B(z,—#.q) = curl / v(y) X By, —&, q)(z,y) do(y)

r

+ % curl curl/F v(y) x H(y,—2,q)®(z,y)do(y) (3.4)

From Green formula (),
0= curl [ vly) x By~ 0)0(z.9) doy)
r
+ %Curl curl/ v(y) x H(y,—%,q)®(z,y)do(y) (3.5)
r

Add (@), (@) and apply the boundary condition

v(y) x E(y,—&,q) =0 VyeTl
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we have

E¥(z,—2,q) = %curl curl/rl/(y) x H(y,—z,q)®(z,y) do(y) (3.6)

From (@), the identity
p - curlcurl,{a(y)®(z,y)} = a(y) - curl curl,{pP (2, )},
and the boundary condition
v(y) X Ep(y,z,p) = —v(y) X Ej(y,2,p) Vy €T

we have

p B, —vg) = - culeul [ o(g) x H(y, ~2,0)8(z9) do(y)
r
= %/V(y) X H(y, =i, q) - curleurl{p®(z, y) } do(y)
r

_ /Fy(y) x H(y, —,q) - E2(y, 2, p) do(y)
- —/Fy(y) x Eg(y,z,p) - H(y, —&,9) do(y)

= /Fz/(y) x Ex(y, z,p) - H(y, —#,q) do(y),

which equals () O

Theorem 3.2 (Reciprocity Relation).
Proof. Apply Green formula ([1.46) to E° in Q_, E® in Q, we have
/{V(y) x E°(y,d,p) - H(y, =2, q) — v(y) x E°(y, —2,q) - H(y,d, p) } do(y) =0
r
(3.7)

/{V(y) X E*(y,d,p) - H(y, =, q) = v(y) x E(y, =,q) - H*(y,d,p) } do(y) = 0
r

(3.8)
From proposition () we have

dmq- E(d,d,p) = / (vy) x B>y, d,p) - H(y, )

r
+v(y) x H(y.d,p) - E°(y, —2,9) } do(y) (3.9)
Interchange p, ¢ and d, T respectively in (@), we have

tng E(5.d.p) = [ {uly) x By ~,0) By, d.p)
r
+u(y) x H(y, —2,q) - E°(y,d,p) } do(y) (3.10)
Subtract (@) with () and add (@), (@), together with the boundary condition
v(y) x E(y,d,p) = v(y) x E(y,=&,p) =0 Yyl
the result follows. O]
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3.1.2 A Uniqueness Theorem

Theorem 3.3. If D, and D, are two perfect conductors such that the electric far field
patterns coincide for a fixed wave number, all incident directions and all observation
directions, then D; = Ds.

Proof. Let U be the unbounded component of R*\ (D; U Dy). By Rellich lemma,
Ej(z,d,p) = E3(x,d,p) VzeUd,peS.
By mixed reciprocity relation,
EX(#,2,p) = By°(#,2,p) VzeUi,pecSi
Again by Rellich lemma,
ES (%, 2,p) = B} o(7,2,p) Vr,z€Up€E S2.

Assume D; # Dy, then 3% € U such that # € dD;,7 ¢ D,. Construct {z,}
such that z, = T + 2v(Z) € U for sufficiently large n. From the well-posedness of the
solution on Dy, EJ »(7,7,p) is well-behaved. But

ES

1(T, 20, q) — 00 as 2z, — T and given p Ly ()

in order to fulfill the boundary condition with the incident dipole Egvl(”xv, Zn, D), which
becomes unbounded as z, — T.

0
Definition 3.1. The far field operator F : LZ(S?) — L2(S?) is defined by
(Fg)(3) = / E(#,0)9(0) do(6), & €S2 (3.11)
S2

Proposition 3.1. 1. F—F*= é—frF*F, where '* denotes the L2-adjoint of F.
2. The scattering operator S = I + &;%F is unitary.

3. I is normal.

Proof. Let g,h € L?(S?) and define the Herglotz wave functions v°,w® with density
g, h respectively:

v(z) = / g(0)e*? do(h), r € R?
SQ
w’(z) = / h(0)e**? da (), z € R
SQ
Let v, w be solutions of the scattering problem corresponding to incident fields v°, w®,
with scattered fields v° = v —v°, w® = w—w® and far field patterns v>°, w™ respectively.

Apply Green theorem in Qr = {r € R*\ Q : |2| < R} with sufficiently big R, together
with the boundary condition we have

0= / (VAW — wAv) dV (3.12)

= / (w x curlv — v x curlw) - vdo. (3.13)
|z|=R
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Decomposing v = v°+v®* and w = w® +w®, we split () into the sum of the following
four parts:

/|| (w° x curlv® — v° x curlw®) - vdo, (3.14)

/=R

/||—R (w® x curlv® — v° x curlw?) - vdo, (3.15)

/|| (w° x curlv® —v* x curlw®) - vdo, (3.16)
/=R

/|| (ws x curlv® — v° x curlw®) - vdo. (3.17)
/=R

The integral (@I) vanishes by applying Green theorem in B = {z : |z|] < R}. To
evaluate the integral (B.15), we note by the radiation condition

R 1

wS X & — T curlw® = O <ﬁ) (3.18)

vsxa?—l—icurlvs—(’) k= (3.19)
ik B r? '

and relations between scattered fields and far field patterns
- —ikr _ 1
- o)
4mr r
ikr 1
v {M”+O<—>}
4mr r
(ws x curlv® — v° x curlwd) -
X

=1k (W’ X (T xv*) +0° x (&
= 2ik (w® - v° — (w® - 2)(v° - 1))

one obtains

@)

= 2tk ws - 0"
ik 1
= g +O<ﬁ)

Hence
/ (ws x curlv® — v° x curlw’) - vdo
lz|=R

ik [ ik
—>@ SZUJOO'U dJ:@(Fg,Fh)LQ(Sg)

To evaluate the integral (), one note that it can be rearranged as

/ (w° x curlv® — v* X curlw®) - vdo (3.20)
|z|=R

=— / (T x curlv®) - w® 4+ (T x v°) - curlw® do (3.21)
|z|=R
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Substitute
w°(x) :/ h(é’)e‘ikx'a do(0),
SZ

curl W9 () — ik / (h(0) x 0) =% Ao (6)

SQ

into (), the integral becomes
- / (z x curlv®) - / h(0)e **% do(0) do ()
lz|=R S2
_ / (i x v°) - ik / (h(0) x 0) e * 0 do(0) do(z). (3.22)
|z|=R S2

From h(#) -6 =0 and 0 - 6 = 1, by formulae

ax(bxc)=bla-c)—c(a-b)
a-(bxc)=-b-(axc)

we have

h(0) - (z x curlv®) =h(0) - {(z x curlv®) — (0 - (& x curlv®))}
=h(0)-{0 x ((z x curlv®) x 0)}

and
( xv°) - (h(0) x 8) =h(0) - (0 x (2 xv°))
Substitute into (), the value of the integral () is

- /Sz /|_R {h(0) - (& x curlv®) + ik (& x v°) - (h(0) x 0)} e"* % do () do(6)
- /S2 h(0) - /IR {6 x (& x curlv®) x 0) + ik 0 x (& x v°)} e %0 dg(x) do(6)

By the same token, the integral () is (9, Fh)pa(s2y- Hence

ik
0= (9, Fh)L2(s2) — (Fg, h)L2(s2) + 2 (Fg, Fh)L2(s2) ’
the identity
For =K pp
872

follows.
To see that S is unitary, we compute

SS_(I—@F> <I+@F>
. . 2
g ke K

F*F
82 872 6472
=1.
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Thus S is injective as well as surjective, for S is a compact perturbation of the identity.
Therefore S* = S~! and SS* = I. Comparing S*S and SS* we can see that F*F =
FF*, hence F'is normal.

[
Proposition 3.2.
F=—-GN*G".

Proof. Define auxiliary operator H : L2(S?) — H~z (divy) as

(Hg)(x) = v(zx) X / g(0)e* ™ do(h), x€T. (3.23)
S2
The adjoint operator H* : H™2 (curlp) — L2(S?) is
(H*f)(0) =0 x (9 X /(V(x) x f(x)) e k=0 da(a:)) . feS (3.24)
r

This can be verified by

(0)) e=**0 dg () do(z)
g(0)) e

) Xg
x) % g(0)) e do(x) do(6)

Given f € H 2 (curly), define u(z) by
u(z) = curl curl, / (v(y) x f(y)) ®(z,y)do(y), x€R*\T.
r
From the asymptotic relation

eilc|zfy| ezk\:}:| o 1
curl curl, {a(y) } s {e_m'yi X (& xa(y)+0O (—) }

|z =yl ] |z]

the far field pattern of u can be seen as H*f.
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Define the electric dipole operator N : H™2 (curlp) — H™z(divy) as

(Ni.f)(x) = v(z) x curl curl, /r (v(y) x f(y)) ®(z,y)do(y), zel. (3.25)

Note that
Nif = v x curleurl S(v x f) (3.26)
= k*v x Sp(v X f) + v x VS(divr(v x f)) (3.27)

(N, ) = (K*v x Sp(v x ¢) +v x VSi(dive (v x ¢)), )
= (k*v x Si(v x ©), ¥) + (v x VSi(divr(v x ¢)), )

= kz/rz/ X Si(v x @) -E—l—/ru x VS (divp(v x @) -9
=k /F Se(v x @) - (v x¥) + /F Se(dive(v x @) divp(v x ¥)
= —k* /1“ Sp(v x @) - (v x )+ /r Si(divp (v x ¢)) divp(v x @)

For scalar f, vector g

/F<V><Vfg /fz/curlg

The above can be verified with

/curlu:/uxu
Q r

and the proof runs as follows:

[ V59 == [tox Vi == [ divtgxvs)

(curlg, V f)

/le feurlg) = /f v, curl g)
Q

|
S— 5

Then
W f=GNJ. (3.28)

We have
F=—GH. (3.29)

hence F' = —-GH = —GN*G*. O]
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Proposition 3.3. For z € R? and a fixed d € §?, define ¢, € L*(S?) by
0. (%) =ik (2 x d)e™™* 1€ §?

then ¢, belongs to the range of GG if and only if z € 2.

Proof. Assume first z € Q. For z € R3\ Q define

ezk:|xfz|

v(z) = curl, d ®(z, z) = curl, dm

and f = v|p. The far field pattern of v, denoted by v, is
V(%) = ik (2 x d) e, 7€ s?
which is identical to .. From Gf = v*> = ¢,, ¢, belongs to the range of G.

Now assume z ¢ ) and there exists f with Gf = ¢,. Let v be the radiating
solution of the Maxwell problem with boundary data f and v>* = Gf be the far
field pattern of v. Note that the far field pattern of curld ®(-, z) is ¢,, from Rellich
lemma v(xz) = curld ®(z,z) for all x outside of any sphere which contains both z
and €. By analytic continuation, v and curld ®(-, z) coincide on R\ (Q U {z}). But
if z ¢ Q, then curld ®(z,2) is singular on z = z, while v is analytic on R3\ €,
a contradiction. Otherwise if z € ', then z — curld ®(x,z) for x € I,z # z, is
in H2(T). But curld ®(z, z) does not belong to Hi(curl, R3 \ Q) or H(curl,Q), for
curl ®(x,2) = O (1/]x — 2?) if z — 2.

Proposition 3.4. S(N¢p, @) > 0 for k> 0 and ¢ € H™2 (curlp). -
Proof. Define
v(z) = curl /F v(y) x o(y) ®(z,y)do(y), xeR>\T. (3.30)
Note that
ve(x) = pv /F Vo ®(z,y) x (v(y) x ¢(y)) do(y) F %v(:ﬂ) x (v(z) X p(x))

= 1ov/F V. ®(x,y) x (v(y) x p(y)) do(y) + %w(x)

and dive = 0, Av + k*v = 0.
set a = vx, b = v in vector Green formula

/a'Ab—l—curlwcurlb—i—divadivbz/—(churlb)~a+(v~a)divb
Q r

we can see that

(N, p) = (v x curlv,vy —v_)
= /V x curlv - (7 —v_)do
r

:/VXCurlv-ﬁda—/l/Xcurlv-ﬁda
r r

:—/ k2|v]2—\curlv\2dV+/ z x curlv - vdo
QUBR |IE|:R

1
= —/ E*[v)? — | curlv|*dV + ik / lv[*de + O (—)
QUBR z|=R R
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Take the imaginary part and let R — co, we have

k
Cx — : 2 — oo |2 >
I(Ng,p) =k lim e o do = 72— /S v ?do > 0.
]
(N, ) =/ {| cwrlv]® = K*[v*} AV — ik Trvy - Uy do
QUBR ‘iﬂl:R
Hereafter we assume that
Sk # 0 (3.31)

and k is not a Maxwell eigenvalue for 2.

The notation F' < G means that, if there exists C' > 0 such that for variables F,
G, the inequality F' < CG holds uniformly. The notation F' =~ G means F' < G and
G<SF.

Define the electric-to-magnetic boundary component maps (cf.Colton and Kress
[12]) Ax : H 2 (divy) — H~2(divp) which map the component of E to the tangential
component of H:

AL(vx E)=(vx H).
We have
A= -1 (3.32)
so A4 is an isomorphism.

Proposition 3.5 (cf. Mitrea et al. [20], theorem 5.3 (ii)). N : H™z(curly) —
H 2 (divy) is an isomorphism.

Proof. For a € H_%(curlp), define £ := curlSx(v x a), H = #curlE in Q4. Ap-

proaching the boundary we have v x E = (£31 + M;,)(v x a). Hence

Ai(ﬂ:%] + Mk)<V X CL) = Ai(V X E)

=vx H

= — lcurl S
v x curlcur k(v X a)

1
— = Na.
ik e
By combining (), proposition @, and the isomorphism of j:%[ +M, :H 2 (divp) —
H2(divy) the claim is proved. O
2

Proposition 3.6. —(N;p, p) > chpHH b curtr)’
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Proof.

1
—(Nip, ) = / [v]* + |curlv[*dV + / lv[2do + O (_)
QUBR lz|=R R

As R — o0,

—(N;p, ) = / [v]? + |curlv*dV > / [v]* + | curl v|* do.
R3 r

Here we need a lemmas:

Lemma 3.1. For the complex-valued C> () vector field E which satisfies (A+k%)E =
0 and div E =0 in €,
1E|| Loy + [ ewrl B[,y &~ [lv X cwrl B,

2 (divy)

Recall that
v = curl/ v(y) x ¢(y) i(x,y)do(y)
r

and observe that v fulfills the requirements in lemma @; by setting £ = v we have

[0]|acry + || carlo|| ) = v x curl ||y

77 ler‘)
Hence
~(Nig, 0) = 0|y + [ curlol|7, )
2 2 2
> cllv x curwan%(diw) = eVl y o ZellolZ g
Here we use the isomorphism of N; (proposition @) in the last inequality. Il

The remaining part is devoted to the proof of lemma @
Proposition 3.7. Given a bounded Lipschitz domain €2, the followings hold:
1. There exists a regular family of cones {(}.

2. There exists a sequence of C'*° domains €2; C ) and corresponding homeomor-
phisms A; : I' = I'; such that sup,p |Aj(z) —2z| — 0 as j — oo and for all j and
all z € T, Aj(z) € ((x).

3. There exist positive functions w; : I' = R* bounded away from zero and infinity
uniformly in j such that

(a) For any measurable set V C T’

/Cdde':/ dO'j.
14 A;(V)

(b) w;(z) — 1 pointwise a.e. for z € T

4. v(Aj(x)) — v(z) pointwise a.e. for z € I".
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5. There exists a real-valued C* vector field h such that for all j and x € T,
v(Aj(x)) - h(Aj(x)) = k > 0, where k < 1 depends on the Lipschitz character of
Q.

Lemma 3.2 (Rellich identity). For a complex-valued C>=(Q) vector field E and a
real-valued C(R?) vector field h

J{51BE 0 ) = R(E - 0)(E ) }ao
:/%{%|E|Qdivh—(F-h)divE—F-(Vh)E+(h><E)-cur1E}dV, (3.33)

where E - (Vh)E denotes the quadratic form X, ;(D;h;)E;E;.
Proof. 1t is evident from
I =
d1v{§|E| h—R((E- h)E)}
1 — — _
- §R{§|E]2divh —(E-h)divE-E-(Vh)E+ (hx E)- curlE}

and divergence theorem. O

Lemma 3.3. For a complex-valued C*(£2) vector field £
/ |El*do < / |Ey|? do +/ |E|? 4 | curl E|* + | div E[*dV (3.34)
r r Q
/ |El*do < / \Et|2da+/ |E|* + | curl E|* + | div E|*dV. (3.35)
r r Q

If E € C~(€2,) and decays at infinity then the identities hold with € replaced by Q..

Proof. Let h be the real-valued vector field which satisfies proposition @, item (H), ie.
h-v >k >0on!I. Decomposing F, h into mutually orthogonal parts £ = E; + E,,,
h = hy + h,, we have

1 —
SIEF(h-v) = R((E-1)(E-v))
1 1 —
= IBP(h-v) — B0 v) —~ R((Ee - h) (B v)),
thus the Rellich identity () is rewritten as
1 1
/—|Et|2(h-1/)do:/—|En|2(h-y)da+@1+@2, (3.36)
r2 r2
where
0= [ R(E- h)(E,-v) do,
r

9, = / ER{%\EPdivh— (E-h)divE —E-(Vh)E + (h x E) -curlE} av
Q
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In view of () and h-v > Kk > 0 we have

1 2 1 2

—k [ |Ey*do < = [ |EL|*do + O + Os. (3.37)

2 Jr 2 Jr
By Cauchy-Schwarz inequality

2, Ly
ab < ca +Eb Ve >0
() becomes
/ |E|*do < / | By do +/ |E|* + |E|| curl E| + |E||div E| dV/ (3.38)
r r Q

Similarly, from () and h-v > Kk > 0 we have

1 1

1
—/{/|En|2da< —/|Et|2da—@1—@2 < —/|Et|2da+|@1|+|@2|, (3.39)
2 Jr 2 Jr 2 Jr

hence by Cauchy-Schwarz inequality, () becomes
/ B2 do < / |By[2 do + /Q \E? + | E|| curl E| + |E|| div E| dV. (3.40)
r r
Once by Cauchy-Schwarz inequality
/Q \EJ? + |E|| curl E| + | E|| div B|dV < /Q E]? + | curl E[2 + | div E[2 V.
and we may rewrite (3.3§), () into (), () respectively. O
Proof of Lemma . Setting @ = F and b = F in vector Green’s theorem

/aAb—i—curla-Curlb+diva~divb— /(V X a)-curlb+ (v-a)divbd
Q r

we have
/(VXE)-curlE—i—(E'V)divEda—/|cur1E\2—|—]diVE]2—k2|E]2dV.
r Q

In view of () Sk is nonzero; by extracting the imaginary part of the above identity,
one can see that

/ IE2dV < )/(y X E)-cul E+ (E-v) divEda‘
Q Iy

S

/(VXE)-curlEda’—|—/]E-1/HdiVE|da
r r
Hence

/|E|2+|cur1E|2+|divE|2dv,§ ’/(VXF)~cur1Edo—’+/|E-y||divE|da.
Q r r
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Once by |E - v| < |F| and Cauchy-Schwarz inequality
/F\E || div E| do < (small /F B2 do + (large) /F | div BJ? do,
which turns () into
/F|V x E|*do < /F |E - v|]* + |div E|*do + ‘/I:(l/ x E) -CurlEda‘. (3.41)

Together with the result of lemma @, we have

I EllLomy S 1B Loy + || (carl )|y + || div Bl 2y,

, (3.42)
1B Loy S B Loy + [ (curl E)¢ || zy@y + || div B 2y

Note that div E = 0; by writing H = -+ curl E, () becomes
IEN Loy S 1Bl Loy + [1Hel| Ly,
1Bl 2y S N1 B Loy + [ Hill or-

3.43

3.44
From curlcurl E = —AFE + Vdiv E we are free to permute £ and H in (), ()
and obtain

I H Loy S 1Hull o) + 1Bl Loy, (3.45)
IH Loy S I1Hl o) + 1Bl Loy (3.46)

By (B.44) and (B.4),

1E Loy S 1Bl oy + ([ Hell oy
S Elzay + [[Hell oy + [ Hall 2o
S E Loy + 1 o) (3.47)
S Bz + [ Hall 2oy + Bl o)
S Hull Loy + 1Bl Loy

From (B.47), (B.48) and || Bl Loy + | Halloam) S 1 E )|z + [ H oy, we have

| Ell Loy + [H || oy = | Bl Loy + [ Hall o). (3.48)

Once by permutting £ and H in () we have
[H Loy + 1 £l oy = [[Hell Loy + 1 Eall 2or)s (3.49)

By || - ”H*%(dwp) = || |l zomy + || dive(-)|| 2oy and divp(v x E) = —v - curl E, () is
written as

| El Loy + || curl | pyy = ||v X curl E| (3.50)

1
H™ 2 (divy)

as claimed. n
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Factorization Method for a Sphere

x = rsindcos
y =rsinvsing

z=rcost

Au—ig rza—u 4—l ! 82u—l— L 0 sinﬂ%
Cr20r or r2 | sin®? 9 dp?  sind OV oV

A= — TP L0 (G 0
st = sin? ¥ Op?  sind OV S50

1 ou . Ou -

== —
Vsu sind Oy v o

2n+1(n —|m|)! ,
ym — P\m\ ime
o (9, 9) \/ I (g jmh (cos?)e

u(z) = f(klz])Y,"(2)

Y, O af f
A+ u="2—"—(r==2 LAY, + K2 FY, =
( + )u r287’<r07“)+r2 sYn + K Y =0
Note that
AsY,+nn+1)Y, =0 — AgY,=-n(n+1)Y,

0 ([ ,0F\ 2,2 _
Ynar(r 8r> nn+ 1Y, f+k*rfY,=0

% (rQZ—i) —nn+1)f+Er*f=0
r2f () +2rf' (r) + {r* —n(n+ 1)} f(r) =0

63
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' (2, k) = jn(k|2)Y,"(2)
v (@, k) = hn(k|2])Y," (2)

M (x, k) = ﬁ curl {zu"(x, k)}

curl {zv," (z, k)}

T D
_

" vn(n+1)
1

Uy (2) mVSYn’”(i)
Vi (2) =2 x U (%)

n

>

curl M7 (e, ) = {ijn<k|x|> T kj;<k|x|>} U (@)

]

curl N (z, k) = {Eﬂhn(kﬂx” + k‘h:l(k|x|)} Ur(z)

1
& x curl M™ (o, k) = {mjnwn N kj;(k\xb} V@)

1
& x curl N (z, ) = {mhmm) ; kh;<k|:cr>} V(@)
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—1
e'kde 47TZ { —p-V( )Mf(w,k)—i—p-U{L”(d)Ecurle(x,k)}

a = —4mi"p - V' (d)
g = amip - U (d)

n

Fix z € R? and set

¢, () = —ik (& x 2) e *=  §c S

vS¢z:V¢z_( )
= —ikze " (—ikze L 0) 4

= —ik (2 x (2 x &)) e k¥=

& X Vg, = —iki x (& x (2 x &)) e k&=

= —ik{i(2- (2 x 1)) —2zx1}e ko=
= —ik($ x z) e k¥=

4.1 Achiral-Perfect Conductor

ZamMm z, k) —l—ﬁm— curl M™(z, k)
ZamNm z, k) +bnm—kcurle(x k)
Hi(x) = ZCZM:L”(L k) + d;”E curl M™(z, k)

b x Ho(w) = il +ﬁz@%<3n<k>+m<k>>vn”@<:%>
X Ho(o) = 3 (U 8) + 67 () + R (0) V' (2)

B Hila) = 3 ein RV @) + d = Gak) + () Vi (2)

65
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& x curl Ho(z) = all (ju (k) + ki) (k) V" (&) + B kjn(k)Um(i)
& x curl Ho(x) = Y ap (hn(k) + khy, (k) V" (i )+bgikh (k)U™(2)

& x curl Hy(z) = Zc? (G (k) + kjy (k) Vi (2) + iy k%(k)UW(a@)

arhn(k) +alj. (k) =0 (4.1)

o )+ KR )+ 53 G (R) + () = 0 (42)

g Jn(k‘) (k) Lo N7 (e k)

“ Aln
h”(t - zn-i-lt {1 + tl }
=1

(n+1)k™

(k) + kji(k)  Garom )
- 1 —
hl(k) + kh;(/{) —n(2n—1)!! + O -

skn+1

- n<27§n++1>11)§]§?_1 ! (1 +0 (%))
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4.2 Chiral-Perfect Conductor

1
Quz) = al' N (x,m) + blﬁg curl N™(z, 1)
1
1
r = rmNm s e br - lN y e
Qc(x) =) al' Ny (2, %) + W o cwl N (@, %)
1
= M () +51n7011ﬂM (2, m)
1

1
Z arm M (x, ) + Bent— curl M (x,~y,)
e

. 1 .

B x Ho(2) =Y algn(mUT(2) + By — 7y )+ () V" (2)
1 .
5 Hoe(#) = D 0l n )V (E) Bl () + 3 (00)) Vi (2)

X Qi) = 3 alha (U (3) + bﬁi—; (hul() + () V()

1
T X Q Z Ay’ ) + br;nﬁ (hn(%) + ’th;(%)) V;”(j;)
& x curl Ho (& Z Al (Gn(m) + gn (1) Vi (@) + B %Jn(%)U ()
T X curl HO]r Z O-/rn Jn(%) + %]n(%)) V (f) + 5171 z'ly (%)U (@
& x curl Q% Z ain (hn () + nhi, (1) Vi (2) + blnmi—,lylhn(’Yl)Ugl(i)
b x curlQula) = e () + B, () Vi (8) + b0 (U7 2)
=@ Q)

& x Hoy(#) + & X Ho(2) = %{f: X Qi(T) — & x Qu(2})

& x curl Hy(#) + & x curl Hy,(7) = % (& x curl Q\(#) — & x curl Q, (&)}

oy Jn(M) + Qep n () = 5 {aiy hn(m) = aep b (1) }
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1
B ) + 20 1)) + B = () + 3074 )

_ % {bﬁﬁ (ha(m) + b, (m)) — br:;*% (ho() + %h;(%))}

T

oy (Jn(n) + 71j;1(71)> + ey (Ju(w) + 'Vrj;z<7r))

= % {CI,]? (hn(’}/l) + VIh;L(fVl)) - arnm (hn(7r> + Vrh;z(’}/r))}

1 1 1 1 1
— .n rm._ .n r) — & bm_hn - brm_hn r
Bin P () + B, o (%) =3 { s () = e a7 )}

(. jn(')/l). » jn(’Yr)' > <al;n>
Jn(n) +ngn(n) Jn(n) + %in(n) ) o
_ 3 hn(%) _hn(’Yr) ap,’
2 (hn(%) +nhn(m) = (hn() +%h;(%))> (cﬁ)

(% (Gn(0) +170(0) 5 () + %j;(%))) (612”)

%jn(%) %]n(IYr) B
i <% (R () + iy (0) =57 () +%h2(%))) (blnm>
00 (2 dm 1 my; m( 2, myrm/ 4
Ql (IE) = ? Z jn+1 {_aln Vn ($) + bln Un (.T)}

47

- 1 my;/m( A myrim (2
Q(@) = =3 s {—an V(@) + b U (@)}




Chapter 5

Numerical Results for 2D Problems

5.1 Direct Problems

5.1.1 Discretization of Integral Equations

The boundary I' is assumed to be of the 27 periodic parametric form

2(t) = (z1(t), 22(t)), 0<t<27m (5.1)
with
(21(8))% + (25(8))* > 0. (5.2)
Note that
do(2(1)) |,
o = 1Z (5.3a)
V(=(7)) = e (24(), — 2 (7). (5.3b)

By means of the periodic boundary representation (15:11), boundary integral operators
on I' of the form

/Ff(ﬂﬁ,y)g(y) do(y), zel

Figure 5.1: The “kite” domain with boundary I' = (cost+ 0.65 cos(2t) —0.65, 1.5sin t),
t €0, 2n7].
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with kernel f and operand g will be transformed into

21

F(8), 2(r)g(2(n)|Z'(7)]dr, 0 <t < 2.

(fkgo)( )= (Tkgo( — (Top)(x)

RZE /a’/ {ZH ku_y'”%lnlx_yl}s@(y)da(y) o0

Suet) = [ Mt r)e(r) dr (5.72)
Kiglt) = [ Lutt. gt ir (5.7)
Kip(t) = [ Litt. et ar (5.70)
Tuet) = [ Mt r)o(rdr (5.7d)

With
(t,7) = {(2(6) = 51(1)" + (22(0) — 2(7)*} (53)

we have
My(t,7) = 5 Hj (kr(t,7))|2'(7) (5.92)
Lu(t:7) = F A l0) = 2] — 0 ea) — 2o} ZLTED (s
Li(t7) = =5 {000 — (7] - A 0fz0) — 2o} LD 50
_ ||ZZ’/ ((;)ll Lo 1) (5.9d)
Nu(t, 7) = {24(0)a(0) — 21(0)] = 4 (z2(0) — ()]} (5.9¢)

< {0 — ()] — A Mlead) — (0]}

P (4, 7))r(t, )2 — ik H (ke (t, 7))r(E, 7) + 2}

k
+4@%ﬂ+%@%@{fﬁ%m@ﬂ)wﬂ_%}
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21 z
Hi(z) = = In <§> To(2) + - (5.10a)
21 z
Hi(z) = Zn (5) Ji(2) + - (5.10b)
z kr(t, ) 1 ( , 2t—7‘)
In—=In{——F | +=In|4sin + 5.10c
2 (4\5111@’) 2 2 10

My(t,7) = ML(t,7) In (4sin2 ! 5 T) +M2(t,7) (5.11a)
Lo(t,7) = LL(t,7) In (481112 ! 5 T) FL2(t,7) (5.11b)
Li(t,7) = L' (¢, 7) In (4 sin? - ; T) +L2(t,7) (5.11c)
Ni(t,7) = NL(¢,7) In (4 sin? 5 T) +N2(¢, 7) (5.11d)
ML(t, ) = — 5 Jo(r(t, 7)) |2/ (7) (5.12)
M2(t,7) = My(t, 7) — ML(¢,7) In (4 sin? - 5 T) (5.12b)
Lt 7) = =5 L1 (0) = )] = 27 alt) = 2o} 2D (5120
L2(t,7) = Ly(t,7) — LL(t,7) In (4 sin? T) (5.12d)
L' (¢, ) = ';I,((;)" Li(t,7) (5.12¢)
L2(t,7) = Li(t,7) — LE (¢, 7) In (4 sin? - - T) (5.126)

(
Ni(t,7) ={z5(t)[21() — 21(7)] — 21 (1) 22 (t) — 22(7)]}
(7)1

X {z5(1)[z1(t) — 21(7)] = 21(7) [22(F) — 22(7)]}

L {-f—ﬁjow(t, P S R (e, 7)) T>}

t—
NZ(t,7) =Ng(t,7) — N, (t,7) In (4 sin? 5 T) (5.12g)
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1
My (t, 1) = —5-Z(7)] (5.13a)
. 2| 2
M2(E ) = |2/(t)] {3 _T_ Ziln F 'Zf)' } (5.13D)
Ly(t,t) =0 (5.13c)
2 L 2(0)z5() — 2(t)z1 (1)
L2t t) = — 5 o (5.13d)
Li'(t,t) =0 (5.13¢)
Li2(t,t) = Li(t,1) (5.13f)
k2
Nt ) = =1 ()] (5.13g)
P E R R N O R
21 ¢ . 2n—1
/ 1 <4sm ) f(r)dr ~ Z R(")(t)f(t]), 0<t<2r (5.14)
0 =0
t]:W—j, 7 =0,- 2n—1
n
27 e 1
R (1) = —;ﬂ > g cos (Ut —t;)) — % cos(n(t—t;)), j=0,---,2n—1 (5.15)
2 T 2n—1
| = I3 s (5.16)
j=0
2n—1
IQIOES Y {R" (AN L)) + gA2(t / )}w (t) =u(t), 0<t<2r (5.17)
7=0
Y= p(t), =0, 201 5.18)
R(", =R () (5.19)
2n—1

T n .

n—1
. n 2 1 l —1)
Rl():Rl()(O):——W —cosmﬁ—( )W, J=0,---,2n-1 (5.21)
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- {(nlin24(r) = 2 () a(r) + fer | () (7)1 42520 g

e 4 T ~ A n . n —1Yer (X121 () +x222(t;
= e O {elnzh(ty) — B ()04 + il (1R (1) f e () )

(5.22)

—in 21

e 4 ~ o . —1 3 T 2 T

— = [ ulair) — () + el () ()} A
el JO

im 2n—1

e 1 T N A n . n —iYel (F121 (t5)+2222(t;
= o O el ) — @ ) il (1)) et

!

J=0

(5.23)

5.1.2 Calibration

Note that if

Q= ClJO(kl‘xD
Q2 = coHy (ko))

then
8Q1 . x
e k?101<]1(k?1|$|)’/(x)'m
Q) x
= = —haeaH{ (ol v(x) ol

Chiral-Chiral

The boundary terms according to “master equations” are

uy = 8(Qir + Qn) — (Qer + Q)
uy = ip(Qir — Qi) — 1(Qer — Q)
S <i8Qir _ iaQil) B (i% _ iaQel)
’ Yie OV Vi Ov Yer OV Yel OV
. ( 10Q;y 1 3@11) ( 1 0Qe | 1 3Qe1>
ug =1p | — + — 1| — + —

Vie OV M Ov Yer OV Yol OV
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Given the fields

Qor = Cer Hy (Yer | 7))
Qe = Celﬂé(%l |])
Qir = cirJo(Vir |2])
Qi = cudo(van |x])

where ¢;’s are constants, we have

ur = 0 Jo(ie|2]) + cadJo(lz]) — cerHy (Yer|2]) — car Ho (val])

uy = i(cwdo(Yulz)p = cado(mlz)p = corHo (Yer|2]) + caHy(val]))
x

us = —v(z) - E(Cir(”l(%r!x\) — endJy(al]) = o Hi (el ]) + ca Hi (val7]))
. x
ug = —iv(z) - m(cirjl(%rm)ﬂ +eadi(alz])p — corHy (Verl2]) — caHy (vall]))

Achiral-Chiral

The boundary terms according to “master equations” are

Uy = 5(Qir + Qil) - (Qer + Qel)
uy = ip(Qir — Qn) — 1(Qer — Qe1)

( 10Q, 1 aQﬂ) <1 0Qer 1 86261)
us =0 — - -\ 7

Y OV ma Ov ke Ov ke Ov

Us = 1 iaQir + i ac2i1 iy l ac2er + laQel
e Ve OV oy OV k. Ov ke Ov

Given the fields

Qo = cer Hy (| 2])
Qa1 = caHy (kelz|)
Qi = Cirjo(%r|$|)
Qn = CﬂJo(’Vil\xD

where ¢;’s are constants, we have

u1 = ¢i:0Jo(Vie|]) + cndJo(valz]) — CerHol(ke|x|) - CelH&(k6|x|)
uy = i(cudo(ielz))p — cndo(yalz])p — oy (ke|x]) + caHy (ke|z|))
xXr
uz = —v(r) - H(Cir5=]1(%r|a?|) — cadJy(yalz]) — ceHy (kelz|) 4+ caHy (ke|z|))

i X
uy = —iv(z) - m(cirjl(%r'x‘)p + cad1(yalz])p — CerHll(kE‘xD - CelH11<ke‘xD)
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Chiral-Achiral

The boundary terms according to “master equations” are

up = 6(Qi + Qn) — (Qer + Q)
uy = ip(Qir — Q) — 1(Qer — Qer)

_5 10Q;  10Qy 1 Qe 1 0Qq
1= (E ok 0u>_(ﬁﬁ_ﬂ au)

Us =i laQir + laQil — iaQer + iaQel
4 p k; Ov k; Ov Yer OV Yo OV

Given the fields

Qer = CorHy (Yer|2])
Qe = caHy (Yalz|)
Qi = ciJo(ki|z])
Qn = CﬂJo(ki’l’D
where ¢;’s are constants, we have
ur = eidJo(Kilz]) + cad Jo(kilz]) — o Ho (Yer|2|) — carHy (erl2])
uy = i(cwJo(kilz])p — caJo(kilz])p — cor Hg (Ver|2]) + ca Hg (Yell 7))

Xz

ug = —v(z) - H(Cirwl(kﬂﬂ) — a0 Ji(kil]) — corHy (Yer|2]) + caH (vall2]))
. xr

ug = —iv(z) - m(cirjl(kifﬂ?\)ﬂ +cai(kilz|)p — coHi (Yerl 2]) — caH} (al]))

Chiral-Perfect Conductor

The boundary terms according to “master equations” are

Uy = _Z.(Qer - Qel)

Uo = —1i iaQer + iaQel
2 VYer 87/ Vel 8”

Given the fields
Qer - CerH(% (76r|x|>
Qe = CelHé (7e1|$|)
where ¢;’s are constants, we have

ur = —i(Cor HE (Yer2]) = ca He (ar]))
xXr

Uy = ZV(I) : E(CerHll(fyeruD =+ CelH11<7€l|mD)

5.1.3 Calibration Results

5.2 Inverse Problem
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Table 5.1: Parameters Used in Calibration
parameter chiral-chiral chiral-achiral achiral-chiral chiral-perfect conductor
il 141 141 141 —
Cir 2Z 3 3 —
Cel 1—-0.5: 1 1 1
Cer 2 2 2 2
£ 1.4 1.4 1.4 —
i 1.2 1.2 1.2 —
B 0.1 0 0.1 —
Ee 1.3 1.1 1 1.4
Lhe 1.25 1.15 1.2
Be 0.05 0.05 0 0.1
Table 5.2: @2, Chiral-Chiral, w =1
n RQY SQY error

8 0.243508249431
16 0.241757267708
32 0.241757794244
64  0.241757794243
128 0.241757794243

-0.724463645911
-0.725273624079
-0.725273382729
-0.72527338273

-0.72527338273  —

0.00252276843633

7.57632109346e-07
1.30143110535e-12
7.48452457873e-16

exact RQ = 0.241757794243, QX = —0.72527338273

Table 5.3: Q2°, Chiral-Chiral, w =1

er’)

n RO

SQ

error

8 1.03242377734
16 1.03076319169
32 1.0307634315
64 1.0307634315
128 1.0307634315

-1.0282192268
-1.03076453615
-1.0307634315
-1.0307634315
-1.0307634315  —

0.00208410886337

7.75447408805e-07
1.74692244341e-12
5.49209323305¢-16

exact RQq, = 1.0307634315, Qs = —1.0307634315

T
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Table 5.4:

oo
el

7

Chiral-Chiral, w = 5

n RQF

SQY

error

8 -1.54250039

16 -1.32334465864
32 0.157231611887
64  0.0922336179119

128 0.0922294278071

-0.590088131481
-0.341629394985
-0.334208562175

-0.27668319242

-0.276688283421

2.70708508424
4.85869482999
0.29760446524
2.26074544743e-05
6.01956349633¢e-15

exact RQY = 0.0922204278071, IQ = —0.276688283421

Table 5.5: Q%

er?

Chiral-Chiral, w =5

n RQX

SQF

error

8 -0.914018631255

16 0.485271823154
32 0.514160036173
64  0.513248314271

128 0.513248703975

-1.10274229685

-0.531252645336
-0.514124508444
-0.513249251167
-0.513248703975

2.12747483551
0.0458354064657
0.00174134854985
9.25516228666e-07
1.86706958735e-15

exact RQo = 0.513248703975, IQoy = —0.513248703975

Table 5.6: Q%

el »

Chiral-Achiral, w = 1

n RQF

SQY

error

8 0.517553169413

16 0.516813776585
32 0.516813810653
64  0.516813810652

128 0.516813810652

-0.515454523971
-0.51681440272

-0.516813810653
-0.516813810652
-0.516813810652

0.00211709931463

8.11410019314e-07
1.89097093567¢e-12
3.03802341641e-16

exact RQY =

el —

0.516813810652, IQ = —0.516813810652
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Table 5.7: Q%°, Chiral-Achiral, w =1

er?

n

RO

SQ error

8

16
32
64

1.09460136497
1.09348494462
1.09348526007
1.09348526007

128 1.09348526007

-1.09072789032  0.00192359535948
-1.09348581917 4.1512146724e-07
-1.09348526007  2.27060990893e-12
-1.09348526007  5.92020513263e-16
-1.09348526007 —

exact RQ,, = 1.09348526007, IQq, = —1.09348526007

Table 5.8: Q2, Chiral-Achiral, w =5

n

RQY

QY error

8
16
32
64
128

0.30026870953
0.200579979636
0.20170499083
0.201709958923
0.201709958923

-0.712558815495 1.82383712303
-0.410772136414  0.732891144812
-0.20171835406  3.41968012876e-05
-0.201709958923  3.21233736018e-15
-0.201709958923 —

exact NQ = 0.201709958923, IQ = —0.201709958923

Table 5.9: Q2°, Chiral-Achiral, w =5

er?

n

RO

IQ error

8
16
32
64
128

-0.20701351838
0.547735625223
0.538582690729
0.538582941234
0.538582941234

-0.109212287124  1.12960975313
-0.536176317021  0.0124250415665
-0.53858241491  7.65288725345e-07
-0.538582941234 1.56989871106e-15
-0.538582941234 —

exact NQo, = 0.538582941234, IQo; = —0.538582941234
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Table 5.10:

oo
el »

79

Achiral-Chiral, w =1

n

RQY

SQY

error

3
16
32
64
128

0.564621897758
0.564189380256
0.564189583547
0.564189583548
0.564189583548

-0.562665174455
-0.564189852447
-0.564189583545
-0.564189583548
-0.564189583548

0.00198590726036

4.22488162925e-07
3.02452614006e-12
1.12182947538e-15

exact RQY = 0.564189583548, IQ = —0.564189583548

Table 5.11:

[e.9]
er?

Achiral-Chiral, w =1

n

RQZ

SQ

error

8

16
32
64

1.12939682663
1.12837893453
1.12837916709
1.1283791671

128  1.1283791671

-1.12573323433
-1.12837995564
-1.12837916709
-1.1283791671
-1.1283791671

0.00177650273147

5.15193216419e-07
2.01395207188e-12
4.40017721993e-16

Table 5.12: Q%

el »

exact RQo. = 1.1283791671, IQo = —1.1283791671

Achiral-Chiral, w =5

1

RQY

SQI

error

8
16
32
64
128

-1.38080129148
-0.176692628905
0.2768771934
0.252325246554
0.252313252202

-1.2059316398

-0.350908885116
-0.182011193168
-0.252321699817
-0.252313252202

5.29994165852
1.23363025131
0.208701580971
4.11143070506e-05
3.45420918345e-15

exact RQY = 0.252313252202, IQ

oo
el —

—0.252313252202
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Table 5.13: Q2°, Achiral-Chiral, w =5

er’

n

RO

SQ

error

8
16
32
64
128

-0.283950058348

0.495725962103
0.503544847795
0.504625161441
0.504626504404

-0.305333620019
-0.501971233041
-0.505898206999
-0.504626766172
-0.504626504404

1.13973283355
0.0130150291233
0.00233937408589
1.91723918982¢-06
2.11597746912e-15

exact RQ = 0.504626504404, IQ° = —0.504626504404

Table 5.14: QgF, Chiral-Perfect Conductor, w =1

1

RQY

SQY

error

8
16
32
64
128

0.463559211052
0.462330209434
0.462331504632
0.462331504662
0.462331504662

-0.460881978899
-0.462330386333
-0.462331504679
-0.462331504662
-0.462331504662

0.00290528086333
2.61720255786e-06
5.35048489119e-11
6.1222832642¢-16

exact NQ = 0.462331504662, IQ = —0.462331504662

Table 5.15: Q°

er?

Chiral-Perfect Conductor, w =1

n

RQX

SQ

error

8

16
32
64

1.05517487942
1.05339681853
1.05339906484
1.05339906482

128 1.05339906482

-1.05108924213
-1.05340126998
-1.05339906484
-1.05339906482
-1.05339906482

0.00195575830377

2.11298904147e-06
2.14225596584e-11
4.71337831248e-16

exact RQq, = 1.05339906482, IQ5. = —1.05339906482
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Table 5.16: Q2F, Chiral-Perfect Conductor, w =5

n RQF QY error

8 -1.3859292999  -2.36655602671  14.529533948

16 1.18976771222  -1.24398483508  8.25824844059

32 0.151186067614 0.157450832994  1.55754026122

64  0.132779683355 -0.132115233073 0.00782681251132
128  0.131473545422 -0.131473545422 9.09496118187e-15

exact NQo = 0.131473545422, IQ = —0.131473545422

Table 5.17: 2, Chiral-Perfect Conductor, w =5

er?

n RQY Qo error

8 -0.0113788027834  1.58425059547 2.77129864916

16 0.509670739085 -0.617842449859  0.0954999201488
32 0.572425660343 -0.579442075825 0.0136177506068
64  0.5690246566 -0.569024880861  2.56074083006e-07
128 0.569024675678 -0.569024675678  1.00438927556e-15

exact RQo = 0.569024675678, Qo = —0.569024675678

-6 -4 -2 0 2 4 6 8 10

Figure 5.2: Achiral-Chiral Reconstruction
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Appendix A

Symbolic Manipulation Procedures

In order to automate the equation derivation processes and to eliminate the inaccuracies
in the numerical codes and the final TEX output, a few programs have been written.
The main program is written in the open-source computer algebra system maxima.

83


http://maxima.sourceforge.net/
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