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1 Notations, Definitions and Prerequisites

Definition 1. (c.f. Grisvard [6]) Let © be an open subset in R". The boundary of €,
denoted by T, is C*! (resp. Lipchitz) if for 2 € ' there exists a neighborhood V of z

and new orthogonal coordinates {y1,ys, ..., yn} such that

1. V' is an hypercube in the new coordinates:
V=Aly1,92,- -yl —a; <y; <a;, 1 <j<n}
2. There exists a C%! (resp. Lipschitz) function ¢, defined in
Vi={yr vz, yn1)l —a; <y; <a;1<j<n—1}
such that

an
o) <= Yy =Wy, Yn1) €V
2

QNV ={y=,yn) € V]ya < 0/)}
PNV ={y="y) €Vl =0)}

Proposition 1 (Vector Green Formula).

/Q(E-AH—H-AE) 1%
:/F(ExcurlH—l—EdivH—HxcurlE—HdivE)-yda
If div F = div H = 0, then
/QE-curlcurlH—H-curlcurlEdV:/(E x curl H — H X curl ) - vdo

. (1)
:/(y X E)-curlH — (v x H) - curl Edo
r



Proposition 2 (Fundamental Theorem of Vector Analysis).
Bla) = = curl [ (y) x Bp) o) doty) + V[ vly) - Bp) B,y doly)
ik /F V() x H(y) @z, y) do(y) + curl /Q {eurl E(y) — ikH(y)} Bz, ) AV (y)
v /Q div B(y) @ (. 1) AV () + ik /Q {eurl H(y) + ikE(y)} (e, y) AV (y).
Proposition 3 (Stratton-Chu Representation Formula). If E, H € C*(Q,)NC(2, UT)

satisfy Maxwell equations in €2, and the Silver-Miiller radiation condition, then for
T € Q+

E(x) = curl/ry(:v) x E(y) ®x(z,y) do(y) + % curl curl/F v(y) x H(y) ®x(z,y) do(y)

H(z)= Cuﬂ/FV(.Z‘) X H(y) ®x(z,y) do(y) — écurl curl/ru(y) X E(y) ®x(z,y)do(y).

For x € Q2_:

E(z)=— (:url/F v(y) x E(y) Px(z,y)do(y) — %curl curl/ru(y) x H(y) ®x(z,y)do(y)

H(z)=— Curl/ry(y) X H(y) ®x(z,y) do(y) + écurl Curl/ry(y) X E(y) ®x(z,y) do(y)

Proposition 4 (Far Field Patterns).

B() = ik x [ {vlo) % B) + (o) x H) x 2}e 7 da(y

(@) = ik x [ {ul) % H) = () x Bl) x 7} doty)
Proposition 5 (Rellich Lemma). If E, H € C'(2,) is a radiating solution of Maxwell

equations such that the electric far field pattern vanishes identically, then £ = H =0
in Q.

Definition 2. 1. T': The regular (Lipschitzian) boundary of the open bounded set
Qi n Rs.

2. The tangential differentiation V; is defined by

Vi:i=vx(vxV).
3. Given a tangential vector field a, the surface divergence divr a is defined as

/gbdinada: —/thb-ada, Vo € C*(R?)
r r

4. H 2(divp) = {v|v € Ly(I), v-v =0, divp v € Ly(I')}.
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5. H#(curlp) = {v[v € Lo(T), v-v =0, curlyv € Ly(I)}.

ol . . . _1 . _1 .
Proposition 6. v — v x v is an isomorphism from H™z(divy) to H™2(curlp) with
inverse w — —v X w, and we have

curlp v = — divp(v X v)

divp w = curlp (v x w)

for v € H™2 (curlp), w € H™2 (divy).

Definition 3 (The Maxwell Problem). The Maxwell problem is to find a pair of solu-
tion (£, H) to the Maxwell equations

curl B —ikH =0
curl H +1kE =0

in 2, with the boundary condition
Vv X E|+ = f (2)
on I where f € H™2(divy), and (E, H) satisfies the Silver-Miiller radiation condition

H x %_Ezo(w) 2] — 0. (3)

The data to far field pattern operator G : H™z (divy) — L2(S?) is defined as
Gf =E> (4)

where E*° denotes the far field pattern of the solution E of the Maxwell problem.

2 Reciprocity Relations

Assume z,2 € Q,, 2,d € S?, p,q € R3.
Given the incident electromagentic wave

E'(x,d,p) = %curlx curl, pe™™ 4 = ik(d x p) x de™*,
Hi(z,d,p) = curl, pe*™® = ik(d x p)e’**,
the scattered field is denoted by
E*(z,d,p), H*(z,d,p)
with corresponding far field pattern
E*(z,d,p), H™(z,d,p).

Given the incident dipole

E;(J?, zZ,p) = % curl, curl, p @i (z, 2),

H}i)(x, z,p) = curl, p Pi(z, 2),



the scattered field is denoted by
ES(z,2,p), Hy(z,2,p)
with the corresponding far field pattern
EX(%,2,p), HZ(,2,p).

The total field is denoted by

E(z,d,p) = E'(z,d,p) + E°(x,d, p)

H(z,d,p) = Hi(x,d,p) + H*(x,d, p)

Ey(z,z,p) = El(x,2,p) + EX(x, 2,p)
(

Hy(x,2,p) = Hy(z,2,p) + Hy(x, 2, p)
Theorem 1 (Mixed Reciprocity Relation).
p- ES(Z7 _‘%7 Q) = 47Tq ' Ego(ja Z7p)

Proof.

tng- BX(o2.p) = [ o) % Byl 0) - iy ~,0)
+v(y) x Hy(y, z,p) - By, —,q)do(y) (5)
From Green formula
/FV(y) x By, z,p) - H*(y, —%,q) + v(y) x Hy(y, 2,p) - E°(y, —2,q)do(y) =0 (6)
Add (B), (B) and apply the boundary condition
v(y) x E(y,—2,9) =0 yeTl

we have

dnq - B(5,2,p) = / v(y) x B3y, 2p) - Hly, —#,q) do(y) (7)

From Stratton-Chu representation,

B2, ~,0) = cul [ v(y) x E(y. ~5.0) @u(z,y) do(y)
r
+ peulaul [ (g) x H(.~2.0) B2, do(0) (8)
r
From Green formula

0= curl/Fy(y) x By, —2,q) ®(z,y) do(y)

+ %curlcurl/ru(y) x H'(y, —&,q) ®(z,y)do(y) (9)



Add (B), (E) and apply the boundary condition
v(y) x E(y,—2,q) =0 yeT

we have

E(z,—1,q) = %Curl Cuﬂ/ v(y) x H(y, —2,q) ®(2,y) do(y)

r

From (@), the identity
p - curlcurl,{a(y) Px(z,y)} = a(y) - curl curl,{p Py (z,v)},

and the boundary condition
v(y) x Ei(y, z,p) = —v(y) X E3(y,z,p) yel
we have
p B, —v0) = o culeul [ o(g) x H(y, ~2,0) Bu(z9) do(y)
r
1 N

=7 / v(y) x H(y,—2,q) - curl curl{p ®x(z,y)} do(y)

I
= [vo) % 1. ~00)- By(y.220) do ()

r

—— [ x Byw2.p) - Hl.~00)do ()

r

_ /Fz/(y) x ES(y, z,p) - H(y, —2,q) do(y),

which equals (H)
Theorem 2 (Reciprocity Relation).
Proof. Apply Green formula to E' in Q_, ES in Q, we have

/F{V(y) x E'(y,d,p) - H'(y, —2,q) — v(y) x E'(y, —#,q) - H'(y,d,p)} do(y) =

/{ x ES(y,d,p) - H(y, =&, q) — v(y) X E*(y,—&,q) - H*(y,d,p) } do(y) =

drq - E*(Z,d,p) = /{ ) x E*y,d,p)- H'(y,—%,q)

+v(y) x H(y,d,p) - E'(y, —&,q) } do(y)

Interchange p, q and d, z respectively in (@), we have

4rq - B> (2,d,p) = /{V(y) x B3y, —#,q) - H'(y,d,p)
T

+u(y) x H3(y, —#,q) - E'(y,d,p)} do(y)

(10)

11)

—~ o —~ O

12)

(13)

(14)

Subtract () with () and add (), (@), together with the boundary condition

v(y) x E(y,d,p) =v(y) x E(y,—2,p) =0, yeTl

the result follows.



3 The Uniqueness Theorem

Theorem 3. If D; and D, are two perfect conductors such that the electric far field
patterns coincide for a fixed wave number, all incident directions and all observation
directions, then Dy = Ds.

Proof. Let U be the unbounded component of R*\ (D; U Dy). By Rellich lemma,
Ei(x,d,p) = E5(x,d,p) VYxcUd,pcS
By mixed reciprocity relation,
EX(,2,p) = BE°(#,2,p) VzeU,pecSi
Again by Rellich lemma,
E;l(:c,z,p) = E;Q(x,z,p) Vo, z e Upe S

Assume D; # Dy, then 37 € U such that ¥ € dD;,7 ¢ D,. Construct {z,}
such that z, = T + 2v(Z) € U for sufficiently large n. From the well-posedness of the
solution on Dy, E5 »(Z,7,p) is well-behaved. But

ES (T, 2n,q) — o0 as z, — T and given p 1 v(7)

in order to fulfill the boundary condition with the incident dipole E;yl(i, Zn, D), Which
becomes unbounded as z, — T. ]

4 The Factorization Method

Definition 4 (The Far Field Operator). The far field operator F' : L2(S?) — L2(S?) is

(Fg) (i) = /S E(2,0,9(0)) do(6), &€ S2. (15)

Proposition 7. The far field operator F' is normal, i.e. F*F = FF*.

Proof. Let g, h € L2(S?) and define the Herglotz wave functions v', w' with density g, h
respectively:

vi(z) = /S (6 do(6), 7€ R
w'(z) = / h(0)e*?do(h). x e R3
SQ

Let v,w be solutions of the scattering problem corresponding to incident fields v, w'
with scattered fields v° = v —v', w® = w —w' and far field patterns v>, w™ respectively.
Apply Green theorem in Qr = {x € R*\ Q : |2| < R} with sufficiently big R, together
with the boundary condition we have

0= {vAw —wAv} dV (16)
QR

—/ {w x curlv — v x curlw} - vdo. (17)
§2



Decomposing v = v' + v* and w = w' + w®, we split () into the sum of the following
four parts:

/S2 {E x curl v’ — v’ x Curlﬁ} -vdo, (18)
/S2 {w® x curlv® — v°* x curlw’} - vdo, (19)
/S2 {E x curlv® —v® X curlﬁ} -vdo, (20)

g {w® x curlv' — v' x curlw’} - v do. (21)

The integral (@) vanishes by applying Green theorem in Br = {z : |z| < R}. To
evaluate the integral (), we note by the radiation condition

— 1 —
ws X T — T curlws = O (r7?) (22)
i

1
V' X T+ T curlv® = O (r7?) (23)
i

and relations between scattered fields and far field patterns

o e—ikr
S

)
. eikr
v

{2 +0 ()}

- Arr

one obtains

{w® x curlv® — v° x curlws} - &
=ik {ws x (Z xv°)+v° X (& x wd)} - &
= 2ik {ws - v° — (ws- 2) (v° - )}
= 2ikws - v°

L— o) -3
:87T2T2w°°-v —l—(’)(r )

Hence

/ {w® x curlv® —v* x curlw’} - vdo
S2

ik [ ik
—>@ S2w -V dU:@(Fg,Fh)LQ(SQ)

To evaluate the integral (@), one note that it can be rearranged as
/ {E x curlv® — v* X Curlﬁ} -vdo (24)
S2

:—/SQ{(ixcurlvs)-ﬁjt(i’xvs)-curla} do (25)



Substitute
wi(:p):/ h(0) e~ "% do(h),
SQ

curlwi(z) = ik /§2 (h(0) x 0) e=**0 do ()

into (@), it becomes

- /| . (& x curlv®) - { /S () e da((?)} do()
- [ @, {ir [ 00 x0) 00010} doto). 20)

From h(#) -0 =0 and 0 - 6 = 1, by formulae

x(bxc)=b(a-c)—c(a-b)
a-(bxc)=-b-(axc)

we have

h(0) - (& x curlv®) =h(0) - {(& x curlv®) — 0 (0 - (2 x curlv®))}
=h(0) - {0 x ((& x curlv®) x )}

and
(@ x v°) - (h(0) x 0) = h(0) - (0 x (& x %))
Substitute into (@) the integral (@) is

/S2 /| (2 x curlv®) + ik (& x v°) - (h(0) x 6) } =70 4r (1) Ao (6)

= _/ h(0) - {/ {0 x ((& x curlv®) x 0) + ik @ x (& x v°) } e~ da(:r;)} do(0)
s |z|=r
By the same token, the integral (@) is (9, Fh) (2. Hence

ik
OI(Qth)m(s?)_(Fgah)y S?) 8 Q(ngFh)y (s2)

the identity

follows.
Now set S =1 + F we have

. ik, ik
S*S = (I—S—F><I+@F>

1k 1k k2

=]+ —F— —F* FF
+ 82 82 647r2

=].




If Sg = 0, then ¢ = S§*Sg = 0, hence S is injective. Note that S is a compact
perturbation of the identity, from Fredholm theory S is an isomorphism. Therefore
S* = S~t and SS* = I. Comparing S*S and SS* we can see that F*F = FF* ie. I
is normal. [

Proposition 8. The data to far field pattern operator G is compact, injective with
dense range.

Proof. (c.f. Cakoni et al. [3, Theorem 3.1], Cakoni et al. [4, Lemma 3.8])

Gf = %i: X /r {I/(y) x E(y) + lk(y(y) x curl E(y)) x :i“} e~k Y dg (y)

]

(Gf.0) = //{ 9 % B(w)) - 9(2)

= (;p x (v(y) x curl E(y)) x x) -g(:g)}e—“fiyda( ydo(y) (27)

(% (v(y) x E(y))) - 9(2) = (v(y) x E(y)) - (9(&) x 1)
(56 X (V(y) X curlE(y)) X :%) cg(z) = (V(y) X curlE(y)) . (:i" X (g(z) x :f:))

E(;tj rﬁilst g(#) is tangential on S? (ie. ¢(#) -4 = 0), then & x (g(2) x &) = g(2); (@7)
G0 = [ [ {0 x B0 0@
+ %(u@) el £(5) @) [ dod) doly) (29
Define
By = [ al@)e " do(a)
Then

curl B, (y) = ik /S 2 (g(2) x &) e"* Y do (1)

curl curl B, (y) = k2 / (i x (g(#) x &) =%V do (i)
SQ

For g() is tangential,
curl curl E,(y) = k*E,(y).
Now (@) can be further simplified to

(61.9) = 4= [ { 00 < B el £, + (000) % eunt £6) - £,0) oty



where E is the solution of
curlcurl E — K*E =0 in Q4
X (E — Eg) =0 onl

1 -
(G1.9) =3 [ () % B) - (cul Byy) —cul Bw) doly) (30
(Gf,q) /f (curl Ey(y) — curlE(y)) do(y) (31)
Hence,
(G*g)(y) = 4mv(y) x (curl Ey(y) — curl E(y)) x v(y), yeT. (32)
Let G*g = 0, then v x (curl E; — curl E) = 0 on I'; we already have v x (E, — E) =0
on I'. Now let Br = {z|||z]| < R} be a ball with radius R that enclose . O

Proposition 9. For z € R? and a fixed d € S?, define
0. (%) =ik (2 x d) e*¥* 1 € §?,
then ¢, belongs to the range of G iff z € Q.
Proof. Assume first z € €. define
v(x) = curl, {®p(z,2)d}, VreR*\Q
and f = v|p. The far field pattern of v, denoted by v, is
v®(2) = ik (2 x d) = 1€ S?,

which is identical to .. From Gf = v*> = ¢,, ¢, belongs to the range of G.

Now assume z ¢  and there exists f with Gf = ¢,. Let v be the radiating
solution of the Maxwell problem with boundary data f and v* = G f be the far field
pattern of v. Note that the far field pattern of curl {®x(-,2)d} is ¢,, from Rellich
lemma v(z) = curl {®y(x, z) d} for all z outside of any sphere which contains both z
and Q. By analytic continuation, v and curl {®(-,z) d} coincide on R*\ (U {z}).
But if z ¢ Q, then curl {®;(z, 2) d} is singular on = = z, while v is analytic on R?\ ,
a contradiction. Otherwise if z € I', then © — curl{®y(z,2)d} for x € I,z # 2, is
in H2 (). But curl {®(z, z) d} does not belong to Hi(curl, R3 \ Q) or H(curl, ), for

curl @y (z,2) = O (|v — 2|7?) if . — 2. O
Definition 5. The single layer operator S : H=2(I') — Hz(T") with density f is
(Skf)(z /f ) Pr(z,y)do(y), xel. (33)

The vector single layer operator Sy, : H2(I') — Hz(T") is formed with vector density
g:

($19)() = [ 90) @ulap)doly), s €T, (39
r
The electric dipole operator N, : H™2 (curlp) — H~2 (divy) is

(Nef)(x) = v(z) x curl curlm/ (v(y) x f(y))Pr(z,y)do(y), z€eT. (35)

T
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By curlcurl- = Vdiv- + A,

Nif = v x curlcurl Sp(v x f)
= k?v x Si(v x f) 4+ v x VS(divp(v x f)) (36)

We note the following formula: for scalar f, vector g

/(VXVfg /fl/curlg
r

/curlu:/l/xu

Q r

[ x50 =~ [ox Vi == [ divtgx V)
—— [ (g v

/le feurlg) = /f v, curl g)
Q

Set f = Si(divp(v x ¢)), g = ¢ and recall that divp(v x ¥) = —v - curl 4, we have

This can be verified with

and the proof runs as follows:

(N, ) = <k21/ X Sk(v x o)+ v x VSi(divrv X @), 1)
1 [ S x0) T [ (v x USiive x ) 7
==k [ Sl x ) (v x B) + [ Suldively x ) (v-curl )
_ —k:Q/FSk(V < o) .m+/rsk(diw(v x o)) dive (v x §)
— K2 (Su(v X @), v X ) + (Se(dive(v x @), dive(v x &) (37)

Proposition 10. The adjoint operator N; : H™2 (curlp) — H~z (divy) is N_g, i.e.

(N;f)(x) = v(x) x curl, curlx/ (v(y) x f(y)) P_g(z,y)do(y), =z eTl. (38)

r

Proof. Note that
Vo V@ _i(z,y) = -V, V,Q_i(z,y),
((vw) x90)) - ) 9,0 -4lw,9) = = ((v) x 90)) - V) V@ (2. ),

11



which can be verified by straightforward differentiation. Then

//f ) x curl, (V@4 (e, >><(u<y>x?

//f xcurl(

/F/F - curl, <V<I>k ) x
(

_// - curl,
- [ fow {- (W Xg<y>) (V. V,0 (o,

= [ [ tt) < @) - { (v1o) g(y)) (V) Vil )
_ ((V(y) x@) -vy>v &y (z, )}d (x)do(y)
:/F{—curlycurly/r(y(a:) X f(z)) ®_p(z,y) dU(m)} : ( (y) x g(y )) do(y)

= /F {I/(y) x curl, curl, /F (v(z) x f(2)) ®_y(z,y) do—(x)} +g(y) do(y)
= (Nef,9)-

Proposition 11.

F= szN_kG
Proof. Define auxiliary operator H : LZ(S?) — H~ 2 (divy) as
(Hg) (z) = v(z) X / g(0)e*?da(9) x €T,
S2

then the adjoint operator H* : H™2 (curlp) — L2(S?) is

(H*f) (0) =0 x (9 X /F(l/(x) x f(x)) e kw0 da(£)) . 0eS (39)

12



This can be verified by

=(H'f.9).
Given f € H™2(curlp), define u(z) by

u(z) = curl curl, / (v(y) x f(y) Pe(z,y)do(y), = cR*\T.

r

From the asymptotic relation (c.f. Colton and Kress [5] (6.27))
eik:\:v—y| } ) ezk\x|

|z =yl

curl curl, {a(y) 7

=k {# x (& x a(y) e_iki'y) + O (J«]") }

the far field pattern of u can be seen as —k?H* f; the trace v(x) x u(z) = Ny f. Hence,
—k*H*f = GNpf = H* = =GNy, so H = —5NjG* = —; N_;,G*. By definition

F = —G™H, hence

1 * 1 *

Proposition 12. $(S_,¢, ¢) < 0 for ¢ € H™2(I") and ¢ # 0.
Proof. Given ¢ € H™2(I"), define

v(z) = / o) ®_i(z,y) do(y), =€ R\T.

Note that Av + k?v =0 for z € R3\ T,
8vi

o 2

13

- /rw(y) (Vo@o(z,y) - v(z)) do(y) F 190(93)7

(40)

]

(41)



and v satisfies the radiation condition

ov(z)
ov

+ikv(z) = O (|z]7%), |z| — <. (42)

Then

B Oov_  Ovy
<S—k907 80> = <U, E - E>

8 97,
—\/I‘U'Edg—/r’l)'mda
ov

:/ {IVo]* = K*|v|*} dV—/ v-—do (43)
BrUQ_ ov

SQ

:/ (V0?2 Jof?) dV—z’k/ Wfdo +O (7)) (44)
BrUQ_ S2

where we use the radiation condition (@) into the second integral of (@) Now take
the imaginary part and let R — oo,

k
— 3 2 _ 0|2
I(S_rp, p) = _kz%l—r};o . lv|*do = ~ 162 /S2 do(0)]v™>]* < 0.

Let S(S_xp, ¢) = 0 for some ¢ € H*%(F), then by (@) v>° = 0; via Rellich’s lemma
and unique continuation v = 0 in 4, hence S ,p = 0 = ¢ = 0, for S is an
isomorphism. Il

Proposition 13. (¢, Nyp) > 0 for k> 0 and ¢ € H™2 (curly).

Proof. Given ¢ € H™2(curlp), define
ofa) = curl [ v(y) % (o) Do) do(y), @ € BT (45)
r
Note that dive =0 for x € R?, Av + k?v =0 for z € R*\ T,

2(o) = [ Va0a) x (v(0) x 1) dol) F 57(0)  (v1a) ¥ (2)

= /vacb(x,y) x (v(y) x ¢(y)) do(y) £ 190(30)

2
(c.f. Colton and Kress [5] Theorem 6.13), and the radiation condition
curlv(z) x |“”“’—| —iko(z) = O (|2]7), 2| = oc. (46)
x

By vector Green formula

/a-Ab—{—curla-curlb—i—divadivb:/—a-(uxcurlb)—i—(l/-a)divb
0 r

14



with a = vy, b = v, we have
(0, Nig) = (0, — v, v x curlo)
= / (vy —v_) - (v X curl®) do
r
= /v+ (v x curlv) do — /v_ (v x curl®) do
r

r

= / {|curlvf” — K*|[v|*} dV +/ v (2 x curlv) do (47)
BrUQ_ S2

_/ {ewlof — K[} dV+z’k/ WPdo+ O (o) (48)
BrUQ_ S2

where we use the radiation condition (@) into the second integral of (@) Now take
the imaginary part and let R — oo,

— 00

k
— ; 2 _ 002
X, Npp) = k}%lm . lv|*do = = /S2 da(0)|v>=]* > 0.

Let S(p, Nyp) = 0 for some ¢ € H 2 (curlp), then by (@) v>® = 0; via Rellich’s
lemma and unique continuation v = 0 in €2, hence Nyp = 0 = ¢ = 0, for N is an
isomorphism. O
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