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Abstract

In Merton (1971)) the closed form solution of the Hamilton-Jacobi-Bellman equation arising from the classical
optimal consumption-investment problem associated with the HARA utility function is simply stated without
derivation. We analyze the point symmetry group admitted by the equation and construct a more general
exact solution than the previously published one.
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1. Introduction

In two pioneering papers Merton (11969, [1971) the Nobel Memorial Prize in Economic Sciences laureate
Robert C. Merton formulated the prototypical optimal consumption-investment problem of continuous-time
finance; the proposed solution is the tour de force application of stochastic calculus and optimal control
techniques which culminated in the explicit integration of a complicated nonlinear Hamilton-Jacobi-Bellman
(HJB) equation, albeit without intermediate derivation steps. Specifically, the HJB equation of the value
function u(t,w) (in this chapter we rename the dependent variable J to u) associated with the HARA utility
function and the zero terminal condition (Merton (1971, (44)))
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has the exact solution (Merton (1971, (47)))
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the optimal fraction of wealth ¢* invested in the risky asset and the optimal consumption rate c¢*_can
be readily acquired by partial differentiations of this exact solution (Merton (1971, (45), (46)); see (@))
However, in Merton (1971) the result (B) is stated without hints as to the method of derivation.

As opposed to the ad hoc “guess but verify” approach of constructing exact solutions, there exists a
systematic method, namely the Lie group analysis, which facilitates the understanding of the nature of the
problem and in many occasions proposes the solution sought after. In a nutshell, Lie group analysis exploits
the inherent symmetry structure of the equation to be solved both geometrically and algebraically and
immensely simplifies the integration. The discipline has been developed for over a century; with the advent
of modern computer algebra systems, the implementation of the procedure has been made easier than ever
and deserves to be better known among researchers and professionals. One of the first applications of Lie
group analysis in financial studies is the seminal paper Gazizov and Ibragimov (1998) which investigates the
symmetries and invariant solutions of the familiar Black-Scholes equation
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with constants A, B, and C, and the esoteric Jacob-Jones (Jacobs and Jones (1986)) equation
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with constants A to H. Since then a series of papers adopt the Lie group analysis methodology for solving
PDEs in finance and most of them originated from option pricing problems; among the few exceptions, the
Bordag and Yamshchikoy| (2017) paper is the closest to the present note as both consider the reduction of
the Hamilton-Jacobi-Bellman equation arising in portfolio optimization.

In this note we begin by briefly reviewing the prototypical optimal consumption-investment problem
proposed in Merton| (1971) and supply some details which were glossed over or missing in the classic paper.
Subsequently minimal facts of Lie group analysis needed for our investigation are introduced in a practical
manner. Afterwards we perform the thorough analysis of the symmetry group admitted by Merton’s equation
(I) and derive a slightly different exact solution
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which encompasses Merton’s solution (E) as a particular case. This seemingly small discrepancy actually
exposes the deficiency of Merton’s treatment and is independent of the first documented arguments in Sethi
and Taksar ([1988). Finally, discussions conclude the note.

2. Optimal Consumption-Investment Problem Revisited

Here we follow the heuristic approach of Sethi (2019) to delineate the problem. Let the wealth of an
investor consists of a riskless asset py with price dynamics

dpg = po rdt (4)
and [ risky assets p1,pa, ..., p; with price dynamics
dp; = p; (i dt +e;SdZ"), i=1,2,...,L (5)

where r and «; are constants with each o; > r, ¢, = (0...010...0) is a 1 X [ row vector with 1 in the
i-th place and 0 elsewhere, S is a [ x [ matrix such that SST is positive definite, and Z is the 1 x [
multidimensional standard Wiener process. Let ¢ = q(t) = (a1(t) 22(®) - a1(¥) ) be the 1 x [ weight vector such
that the i-th component g;(t) is the fraction of wealth invested in the i-th asset at time ¢, 22:0 qi(t) =1
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and ¢ = ¢(t) be the consumption rate process. Set 1 x [ vectors &« = (a1 az . v ) and 1 with all entries are
1, the wealth process w evolves as

dw=(w(r+(ax—rl)q")—c)dt+wqSdZ" (6)
To establish (E), let n; = n;(t) be the number of shares in i-th asset at time ¢ and 0 < h < 1, then

l
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i=0
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!
—c(t)h = Z (ni(t) —ni(t — ) pi(t)
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On taking h = dt — 0, the above becomes

l

—c(t)dt = Z dn; dp; + dn; p;
i=0

so from It lemma
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Substitute (H), (E) back, (E) is readily obtained. Here in Merton’s setup { =1 and (E) becomes
dw=(w(l—¢)r+wqga—c)dt+wqgodZ

The optimal consumption-investment problem is to find ¢, ¢ which maximize the functional

Eo { /0 e~PT U (c(r)) dr + B(w(T),T)} (7)

where T is a fixed terminal time, p > 0 is the discount factor, together with the utility function U of the
investor and the bequest function B. Define the value function u(t, w) as

¢ q

u(t, w) = max E; {/T e PTU(c(r), 7)dr + B(w(T),T)}
t
then by the principle of optimality
u(t,w) = max E.{e " U(c)dt + u(t + dt,w + dw) } (8)
Applying It lemma to expand the term w(t 4+ dt, w + dw),
u(t + dt,w + dw) = u(t, w) + up dt + uy, dw + %uww (dw)?
w(t,w) +urdt +uy (Wl —q)r+wga—c)dt+wqodZ) + %uwww2q2a2 d¢

1
u(t,w) + upywqodZ + (ut +tuy(w(l—¢)r+wga—c)+ 2uwww2q20'2> dt

3



Substitute back in (E) and note that E; {u,wqodZ} =0, we have

1
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Differentiate (H) with respect to ¢ and equate to zero, the first order condition gives the maximizer ¢* as

—UpWT + UpyW @ + Uypw?o?g* =0 = ¢" = _(az—w (10)
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If the utility function U belongs to the HARA (Hyperbolic Absolute Risk-Adverse) family, there exists

constants ~y, 8, v such that
1— 8l
U@)=7< be +y> ,
v \l-7v

~y—1
and U'(c) = ( Be 4 1/) ; differentiate (E) with respect to ¢ and equate to zero, the first order condition

e U () —up=0 = "= 1-7 (ep;“w>H _ @ (11)

Substitute back the expressions (@)7 (@) of ¢* and ¢* respectively into (H), we arrive at the equation (EI),
the boundary condition is

w(T,w) = B(T, w(T)). (12)

In (), the bequest function B is taken to be zero for simplicity.

3. Rudiments of Lie Group Analysis

Here we state the essential facts of Lie group analysis directly related to our contruction of exact solutions.
Our exposition follows ibraglmov (1999); further details can be found in Btep ani (11989); IHvdod (2000);
luman and Kumei (h989); Anco and Blumanl (IZOOQI); lBluman et al] (l201d); lver (|1993|); Ovsianniko
(1982). Olver (11993); Ovsiannikoy| (1982) provide rigorous treatment of the theoretical framework and its

ramifications.

Symmetry Group. Infinitesimal Transform. Generators

For m independent variables denoted by z = (2!, 22,...,2™) = {2} and n dependent variables denoted
by u = (u',u?,...,u") = {u*} (ie. each u® is a function of z), consider the invertible transformation

T. : (z,u) — (T,u) consists of

7' = ¢'(x,u,¢), ¢ ez = 2, 1=1,2,...,m
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with smooth functions ¢¢, ¥* and parameter ¢; such transformations {7.}.cr form an one-parameter local
group G if

1. (Identity) | € G.

2. (Inverse) T. 1 =T_. € G.

3. (Composition) T., o T., e Gif T,,, T., € G.



For such an one-parameter local group G, using Taylor expansion with respect to € in a neighborhood of
e = 0, equation (@) satisfied by T, become

P oa et OE), ey = DLW g
- e=0 (14)
T = u® (2, u) e + O(E2), n“(xm):% » a=Lh2.n
e=0

This is the infinitesimal transformation of G, and the generator of G, denoted by X, is defined as
X =& (z,u) 0pi +1*(2,u) Oyo (15)

where 0, = % is the partial differential operator with respect to the variable x*. We invoke and tacitly
assume afterwards the repeated indices summation convention. For instance, {*(x,u) d,: should be under-
stood as Y7, €' (x,u) d,i, and so on. Hereafter u(y stands for the set of all derivatives of u = {u®} with
order k > 1, i.e. ugy = {ug }, uy = {uf,;, }, ete.

Prolongation

Given the transformation (@) of a group G which maps (z,u) to (Z,u), transformations for derivatives
can be obtained by means of the chain rule of the differential calculus; the extended transformation which
maps (o, u, w1y, U(2), - - -, Uk)) 1o (T,8, U1y, Ua), - - -, Uk)) With integer k > 1 also forms a group and the
extension process is called the prolongation.

To illustrate the extension process, we begin by first examine the simplest case m = n = 1. In this case,
set * = 2! | y = u!, the infinitesimal transformation ([l4) reads

T=x+ek(r,y) +0(E*),  F=y+enlzy) +0E)
and the aim is to use this knowledge to get
79 =y fen +0@E2), i=1,2,... (16)
Define the total differentiation operator D, as
D, =08, +y' 0y +y 0y + - +y®o,0n + -
Note that T, 7 are functions of x, y; by the chain rule and (@),

?(1) _ @ _ Ypdz+ 9y dy Y + 9y _ D.(y)

Az~ ¢pdz+¢,dy o +y'dy  Du(T)

7V = D.() _ y' +eDa(n) +O(?)
D.() ~ 1+2Du(6) + O(2)
= (v +eDu(n) + O(?)) (1 — D, (&) + O(?))
=y +e(Ds(n) — y'Du(§)) + O(?)

and in view of (@),

m = Da(n) =y Da(§).



The process continues indefinitely as

oy Da@*Y) Y™ 4 eD, (1) + O(?)
T D.@ | 14eD.(6)+0(E)

_ (y<k> eDy(mei) + 0(52)) (1—eD.(¢) + O(2))
=y® + e Dalm—1) — y™ D (&) + O(e?)

with
M = Dy (mi—1) — y™ Dy (€)

Full expansions of 71, 72, and 73 are

m=1ne+ 0y — &)Y —&y"” (17)
M2 = New + (272y — Eaa) Y + (yy — 2€ay) y”? - Eyy y° + (ny =28 —3&Y)y" (18)
N3 = Nzzx + (3 Nezy — 6’1‘7‘%) y/ +3 (nryy - grry) y/2 + (nyyy - 3§ryy) y/3 - gyyy y/4

+3 (Noy — 20 + (yy =38y — 28 y?) ¥" =36y + (ny —3& —4&Y) y" (19)

Starting from the original symmetry group with generator X,
X =80, +n0y
the generator of the k-th extended group, denoted by X4, is given by
Xy =80 +n0y +m Oy + - + Mk Oy

For the general case, define the total differentiation operator D; = D, as

By means of the chain rule,
O’ 0P\ — -
D; = . ¥*—— |1 D; = D;(¢?)D; 21
(5 + 0t g ) Dy = DD 21

where D; = D3, and the repeated indices summation convention is used. Note that
W =Di@), g =) =D; D),
By (B1) and (1d)
@ Di(¢’) = Di(¥®) (22)
Assuming (@)7 we wish to get the prolongations
up =l g, el o 06, s=1,2,... (23)
and each integer 1 < iy < m and 1 < a < n. For s = 1, the first extended transformation reads
= ud +e¢ +0(?) (24)

with ¢ = 4; and ¢ to be determined. From (@), ¢ =T+, Y =u*+en®, so Di(¢7) = 6;; +eD;(&9),
D;(¥*) = D;(u®) + eD;(n*) = u® + eD;(n®). Substitute into (@) and it becomes a system of linear
equations

uf +eDi(¢)uf = uf +eDi(n®), 1<i<m.
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Set w = (@f @ ... w3, )T, u=(uf ug .. uf )T, n = (D1(n®) Da(n®) ... Dm(n“))T, and (A)Z-j = D;(¢&7), this linear
system can be rewritten as

(I+cA)u=u+en (25)
For small e, (I +eA) " = (I —cA) + O(c2) and (@) becomes
U= (I—-cA)(u+en)+0(E?) =u+e(n— Au) + O0(?) (26)
Comparing with (@) and spelling out the expression componentwise, we have
¢ = Din) — ug D(E) (27)
Similarly, the second extended transformation reads
g, =y, + (R, +0(E) (28)

with (7, to be determined. Applying (@) to g, with i = i,
Diz (¢j)ﬁj (ﬂ'a ) = Diz (Hq ) (29)

11 11
Note that Dy, (¢7) = &;,; + e Dj, (&), D;(T) = a3 ;, and Dy, (@f) = Dy, (uf + ¢ + O(e?)) = uf;, +
e Dy, () + O(e?)). Substitute into (RY), it becomes a system of linear equations

s, +eDi (E)ud; =y, + Dy (), 1< iy <m. (30)

1142 i1] 112
which resembles the system (@) previously solved; imitating the steps we have

fi» = Dy (C7) — 3, Diy (€7)

i1is j iz
=Dy, Di, (%) — u§ Dy, Dy, (¢7) — uffy, Diy (&9) (31)
and the general expression reads
ﬁzg = Dis( ﬁ...is,l) - U?z‘l...is,lDis (gj)- (32)
By writing W¢ = n® — fju?,
Cioi.i.z's =D, - 'Dis(Wa) - ﬁju?z‘l...isa s=1,2,... (33)

Starting from the original symmetry group with generator X,
X = €00, + 1% Oy
the generator of the k-th extended group, denoted by X4, is given by
Xy =& 0pi + 1% Oy + £ Oug + o+ 0 (34)

@ o
21020k W ig .0y,

Determining Equations

The notion of prolongation is indispensable in view of the following theorem. Consider a typical system
of (possibly nonlinear) equations

Fi(x)=0, j=1,2,...,1
with x € R”, [ < n, and

OF)(x)
ozt

rank =1 zeV.

where a%p(f) is the jacobian and V' C R™ is the set of solutions. Given a transformation group G with
T = ¢(x,€) and the generator X, the system is said to be invariant with respect to G, or admits G, if
F;(z)=0 VeeVand j=1,2,...,1.

7



Theorem. The typical system of equations admits G if and only if
XFj(z)=0 VreVand j=1,2,...,1L

This theorem provides the key to the algorithmic determination of the symmetry group admitted by a
given system of differential equations, which in turn generates exact solution candidates that can be exploited
further. Specifically, for a typical system of differential equations

Fj (I,U,U(l),U(g),...,U(k)):O, j:1,2,...,l

and V its solution manifold, the condition that the system admits the symmetry group G with infinitesimal
transform ([14)) is

X(k)Fj (x,u,U(l),’UJ(Q),...,U(k)) =0 VueVand j=1,2,...,1 (35)

where X () is the generator of the k-th extended group of G given by @), (@) will be referred to as
symmetry condition. The resulting system of differential equations of (Bf) with unknown &’s and 7n’s are
called determining equations. To solve the determining equations may seem daunting at first, but the
overdetermined nature of the system often yield substantial simplifications; the whole solution process is
best illustrated through detailed examples.
We consider the simplest case m = n = 1 first. Given a second-order ODE of the form
y'=H(z,y,y)
the symmetry condition is
X(2) (y// - H(xayvy/)) = 07
ie. Xy = X2 H. From
X2) =&0: + 10y +n1 0y + 120,

Xy =n2 and Xo)H = § H, +n Hy + 01 Hy; substitute the expressions of 11,7, in (@)7 (@) and note
that y" = H, the symmetry condition X (9)y" = X2y H becomes

Neax + (2 Ney — ng) 1/ + (nyy - 2£zy) y/2 - fyy 3/13 + (77y —2& — 3€y y/) H
=§H, +nHy + (7796 + (77y — &) y - &y ylz) Hy (36)
As an example, we determine the symmetry group admitted by the second-order nonlinear ODE

y//:yilzin
Y

In this case H(z,y,y') = % —y?, so H, =0,H, = 72—5 -2y, Hy = 277/ Applying (@), we have

i

y/2
Naz + (2 Nzy — §ox) y + (nyy - 2521}) Z//Q —&yy 9/3 + (7711 —2& — 38 y/) (y - 3/2>

/

y12 2y
=1 <_y2 - Qy) + (e + (my — &)Y — &) "

Collecting all powers of 3’ and equating to zero, we have

1

1 1
nyyfzfxyfgnyJF?n:O (38)

2
2 Mgy — &ox +3y2 fy - an =0 (39)
New —y°(ny —2&) +2yn =0 (40)
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From (@)

§ = A(x) logly| + B(x)
with A(x), B(z) to be determined. From (@) and above we have

n=A'(x)y (ogly)* + C(x)y log ly| + D(z)y
Substitute &,  into (@)7 we have
3A"(x) logly| +3A(x)y+2C'(z) — B"(x) =0
and it holds for all y, so
A(x) =0, B'(z)=20C"(x).
Now (@) becomes
C(z)y? logly| + C"(x) y log |y| + (2 B'(z) — C(z) + D(x)) y* + D"(x)y =0
which splits into
C(x)=0, D(x)=-2B(x), D"(z)=0
From (1), (i)
E=c1+cox, n=-2cy

so the generator X of the admitted symmetry group is

chle +02X27 Xlzﬁx, ngl‘ax—any

Invariant Solution
For GG is a symmetry group of a typical system of differential equations
F; (x,u,u(l),u(g),...,u(k)) =0, j=12,...,1
if
F; (7, 0,00y, Uy, .-, Ug) =0, j=1,2,...,1

(42)

(43)

Under actions of the admitted symmetry group, transformed solutions still satisfy the system; those unaltered
solutions are called the invariant solution and can be obtained by first computing the invariants of G via

solving the PDE
X(I) = & (w,u) Oyi I + 0™ (x,u) Oya I = 0
or equivalently integrating its characteristic system
da! da? dz™ dut du? du™
T Eaw @y i) Plew) i)
Now the symmetry group has m — 1 4+ n invariants

M(2), A\2(x),..., X" x), O (z,u),®*(z,u),..., 0" (x,u).

It can be shown that

O (x,u) = U\ (2), \2(x),..., A" 1(z))

(44)

(45)

for U* to be determined; solve for u and substitute the result back into the original system to get a new

system comprised of ¥’s and \’s.



4. Symmetry Group Admitted by Merton’s Equation

In this case m = 2, n = 1 and we set t = z', w = 22, u = u', and n = n'. X, the generator of the

symmetry group admitted by Merton’s equation (ﬂ)

52 g 4 5 2
b (fgtuwg + up + <V + TU)) Uy — O(p — 1) Yw _ 0; w(T,w)=0.
¥ B Uy
is
X =&t w,u) 0y + € (t,w,u) Dy +1)(t, w,u) Oy (46)
and X9, the generator of the second extended group is
X(2) = &0 + 00 + 10 + C1 Oy + G2 Ouyy + C11 By, + C12 Duyy + (22 Oy, (47)
with
C1 = Dy(n) — utDt(gl) - Uth(fz) G2 =Duw(n) - UtDw(fl) - uth(§2)
Gi1 = Dy(¢1) — ueeDe(€') — upDe(€2) G2 =Dy (C1) — upDo(€') — upwDw (€2)
G22 = Du(¢2) — wrwDuw(€") — tuwwDuw(€?)
where the total differentiation opertors D;, D,, are denoted by
Dt = at + utau + uttaut + utwauw +y Dw = 810 + uwau + utwaut + uwwauw + -

Expanding the terms by total differentiations, we have

Go= 1+ wny — wi€) — (ue)?E, — wwf — wuyé,
Co =T + Uwlu — Uty — Uty — Uy — (uw)?El
Cin = Mot + 2uenew + e + () uu — 2y — willy — 2(w)*&, — 3uund,,
= () € — 2un€ — ww€fy — 20 €l — (e + 2 )5 — (ue) wwél,
12 = New + U + UeNwu + Ut + WUy — U (§F 4 ) — Uy, — U, — Ut (Eh, + Enu) — (W) *E,
— (2upupw + Uwutt)lez - (ut)Quwfq}m - uwffw - wa§t2 - (uw)2§t2u — (2uyputy + utuww)fz - Ut(uw)2 Zu
C22 = Nww + 2UwNwu + Uwwlu + (uw)Qnuu - 2uww£3; - uwgzzuw - Q(Uw)Qfg;u - 3“wuww§3 - (uw)gfiu
— 2y — Uy — 20pthnly, — (Uit + 20t )Ey — Ui (Uw)?EL,

Aided by the open-source computer algebra system Maxima with subroutine symmgrp2020 (Champagne
et all (1991); Hereman (1997)), we arrive at the set of 24 determining equations:

N (Y — 1)6%_tp =0 (48)
Mo(r —a)? =0 (49)
Nww(r —a)? =0 (50)
€Ly —1)Pert 2 =0 (51)
€Ly —1)Pe 2 =0 (52)
Wiy Br — N vy + 1w v+ 0.8 =0 (53)

10


http://maxima.sourceforge.net/
https://inside.mines.edu/~whereman/software/symmetry/symmgrp2020/symmgrp2020.max

uu(r —a)t =0 (54)
Enw(r—a)t =0 (55)

ww(r—a)t =0 (56)

Eulr—a)' =0 (57)
Lr—a)*=0 (58)

BT ey = ) {w Br— Gy + v~ € e T =0 (59)
(v =12y - D)(r—a)?er i7" =0 (60)
v =2)(r- 1)<H) 207571 = 0 (61)
(V=12 —a)?er T =0 (62)
o (Y = 1)2(r a)2e**tp—0 (63)
€l (v =D (r— )27 =0 (64)
—a) {wg Br— oy + v —E B} =0 (65)
a)? {wg, Br—&Lvy+ &L v+& B} =0 (66)
2 {weh, fr— €L, vy + &, v — €2, 8} =0 (67)

w? 511,] 527“2 — 2w 511,] Bryr + 2w 5; Bvr — w{“?ﬂ B2r + wftl 527" + §2B2r + fi) 1/2’}/2 - 25; 1/2'7
+EL Py =& By + Vv —EL B+ & By — & B2 =0 (68)

By = 1) {&' Bp+2wE,, Byr —w&,, Br— 260, vy +3&, vy
Py +E By —Ev+n B¢ BeriT =0 (69)

(r—a) {2 w§uw Bro? + 25& Bro? — 2511“” V'ya2 + 2511“” vo?
—2&2 Bo? + Ny Bo® —2&L Bri+4€L apr —2¢€) azﬂ} =0 (70)

(r —a)? {w ¢l Bro? +2¢L Bro? — &L vyt 4268 vo?
—&iw Bo? + 20y Bo® — éﬁ) Br? + 25; affr — fllu oﬂﬂ} =0 (71)
It is clear that most of the determining equations simply characterize the functional dependence of

€', €2 and 1 with respect to variables ¢, w, and u. Here we list step-by-step instructions on solving the
overdetermined system — each of the step makes full use of all previously obtained results:

11



n=n(t,u)
o From (a)
€=l (t,w)
- From (53)(54) (53 (59 (51 (b3 (6d) (6) (62) (63) (64)
¢h=¢(t)
o From (@)
n=n(u)
« From (59 (63 (57)
& =E(tw)
o From (@)
€' = const = ¢3
+ From ()
Nuuw =0 = 77(“) =cu+tc
« From (f1)
£,=0 = &(tw) = filt)w+ f(t)
o From (@)
EBp—EBy+mB=0 = c3p—filt)y+c1 =0
—  f(t) = G +csp
o From (@)
—wE B+ 8% + & Py — 2 By — 252 =0
N S Ly (Ww n f2(t)> g — LGP g5, 1)B% =0
Y Y v
— S-S s =0
= fot) = <C4 _latapiv —;;?;ﬂp) 61/) e + (o + cap) Ov —;;:;p) ov

Hence the generator X is

1) 1)
X =c30;+ (cru+c2) Oy + {cl i Bl + <C4 _ (e +cap)ov V) e + (e + cap)ov y}aw
Y BT vBr

with real constants c1, c2, c3, ¢4 and the Lie algebra is spanned by

1 J
v1 = €0y, vg =0y, 03:3(w+%(1—e”))8w+at, mz;(u}—i—é

with the following composition table EI The optimal system is determined using techniques in (),

(1- e”)) Ow + udy
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Table 1: Composition Table with the (4,7)-th Entry [v;, vj].

U1 U2 U3 Vg
oy 1
(%} 0 0 (p=17) U1 - V1
v v
U2 0 0 0 (%)
vy —=y 0 0 7% v
1/ ov |
V4 —-— V1 —Ug — U1 0
7 1B

Table 2: Actions of the Adjoint Representation of G on g with (i, j)-th Entry Ad(exp(ev;))v;.

Ad U1 Vg V3 Vg
= £
U1 U1 V2 U3 — Z(p—r)V1 Vg — :V’U1
(%) U1 (%) VU3 Vg4 — €V
L= (p=77) ov (p=r)
v o5 v v v v — 7 (eF —1)v
3 e 1 2 s 4+‘5(p7m)(6 Ju1
£ e o, =
Uy ey e“vy w3z — F(m -1 Vy

Chou and Li (2001); Hu et all (2015). Given a Lie group G and its associated Lie algebra g spanned by

vector fields {v1,vs,...,v,}, the actions of the adjoint representation of G on g is tabulated in table P with
et g2
Ad(exp(ev;)) ﬁ (ad(v;)) vj =v; — elvg, ;] + 5[1)2, [vi, v;]]
=0 "

Denote the generic element v € g as v = Y. a;v;. The general adjoint transformation matrix A is
constructed by the product of individual adjoint transformation matrix A;, ¢ = 1,2,...,n which in turn is
constucted using table PJ. Here we have

1 000 1 0 00 e ) 000 e 0 00
0 100 01 00 0 100 0 10 0
A]_— 7?1(/);"”:) o1 0l A2_ 0o 0 1 0] A3_ ) 0 01 0} A4_ 5”(4 ) 0 1 0
S 00001 0 -5 01 ﬁ(ﬁwﬂ ) 0 0 1 0 0 0 1
e3(p—rv)+ey
e 0 0 0
0 e+ 0 0
— — e c — ) e3lp—rv)te
A= A1A2A3A4 = %(674 _ 1) _alp 7'7)643%“ 0 10
ov €1 m ov = 4
—— - —Je ¥ - er  —ege 0 1
(:d(p -r) v ) Blp—r7)

A function ¢ on g is called an invariant if p(Adg(v)) = ¢(v) for all g € G and v € g. By solving the system
of equations

8@ 390

(9(12

e

Op 0
(a1 — azdv) 2 + 2375~ =0, (as(p =) +a) 5= =0, (a1flp—7r)+ as6v) =2 =0,
daq Oay

day

the invariants in our case are ag and ay. By examing the compatiblity of the equation system (a7 az a3 a7 ) =
(a1 a2 as as ) A for the representative optimal element ¥ = >, @;v; and the associate invariants, the optimal
system of g is determined. Adopting the heuristics in Hu et al| (2015), there are three cases to be considered:

1—02

1
1. a3 =1, a4 = c# 0: U = v3+ci1v1+cavs, c1,c2 € Rwithey = p%;*ﬂ{(c—&—‘s—”) ay —a 1—%”} €9 = as,

{‘”ag —a1— %}, 63 =0,

e3=0,e4 = —Ilnag;if c =0 then v = v3+c1v1 +v92, ¢c1 € R with e =
€4 = —Inas.

p—r7y
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1
2. a3 =0, a4 =1: U=wg+ vy + v, ¢1,c2 € Rwith 1 = vya; —vciag, €2 = (1 — c2)ag, €3 = 0,
€4 = —Inas.
Inas—vyIna;

3.a3=0,a4=0: v=wv1 + 09 With53zﬁ,€4:—lna2.

((11 a9 as a4)A:

e3(p—ry)+teq €4 _
aye g + as (%(67 71)7751(1)77‘7)6

Su e ez(p—ry)teq Su €4
Tay <(ﬁ(p*rv) ¥ Je y €7

K = Blp—ry
The optimal system is {v1 + va, v4 + c1v1 + C2v2, V3 + c1v1 + cava}, 1,0 € R.

e3(p—rvy)teq
Y

e4(ag — agea) as ay

5. Invariant Solution of Merton’s Equation

The linear combination of Ay, Ay, and A, that is of the form
1 0
- <w+y+cle”) Ow + (u + ¢2) O, cr,c2 €R
gl pr
belongs to the Lie algebra admitted by Merton’s equation. Integration of
dw du

%(w—k%—i—cle”) Chale

suggests that

v

Br

with ¢(¢) to be determined, is an invariant solution. Let

gl
uzg(t)-(w—i— —1—016”) + co

)
U (t,w) :w+ﬁ—i+cle”

then Uy =rcy e, ¥, =1 and
Uy = g7 O U = gy(y =)W uy =g O 4 gy U e
We now inspect each term of (m)

62 3 _ 02873 _
5 e Fluy® = 7/8 e~ 8t (gy et ? = 4§25

)
(BV + rw> Uy =T (\I/ — cle”) gy Ul

=rgyPTTH (T —ce™)
=rgyP — gy P Lreet

_1\2
ot = (9797 7") :—gl\Iﬂ
Uyw g’Y(’y - 1) W =2 4

14



Now Merton’s equation (m) becomes

02B% _p, -2 )
556—§tuwo Foug (”+rw> Uy — St — 1)
v /6 Uww

=02y 3BT g W e S 4 g W gy U oy (- 7) g U7
— v (gt e B g 4 gy pg) =0

u2

Equating the terms within parentheses to zero, we have

L 2
B 5

1 x _ _
g +ypg=—0*5p7 e by (72)

g satisfies the Bernoulli equation and the solution procedure runs as follows. To solve
g +eg==¢4" (73)

where ¢, ¢ are functions and k # 0,1, let ¢ = ¢g' =%, then ¢/ = (1 — k)g~*¢’. Then (@) turns into
(1—k)g kg +(1—k)pgFg=(1-k)¢& so '+ (1 —k)pl=(1—-k)E alinear ODE with solution

(=e JO-R)e /(1 —k)EeJ0-Re 4 cem [0k

R
-~

ef(lfk%p = e

.

and g = (ﬁ. Back to tllle solution of (@), note that k = —%, so 1flk =1 (1-kp=2
and (1 — k)¢ = —1 027735837581 = —L ye7 8! by letting x = 62775 33. Now

)

(=e JO-R)e /(1 —k)ge/Re 4 cem JO-R)e

:e*%t/féxe*%~e%tdt+ce*%t
_awy X 0 _p=apy e 72
=e o= e § "+ce
o p—p
st
=XC 7 e ¥t
P =K

Determine the constant ¢ using the boundary condition ((7') = 0,

Xe_%T e Xe_pi;ﬂmT
OZC(T): +ce 9 — c= -
P =K pP—aK
So
Xe_gt (1—eW)
¢t = |
P =K
e 5t (1 — e%) °
1 s
g(t) =Ct)TF =((1t)° =
pP— K

(=) t=1) \ 9 28 (=) t=T) \ 9
G G 1) B N LT (S
pP—K Y pP—K

and the invariant solution is

o )
525 v 1 _ (p=vu)( T) 5 Y
u(t,w) = p e~ Pt <ea <w + & + e”) + ¢, c1,c2 €R. (74)
P

¥ —TH pr
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6. Discussions and Conclusions

We now take a closer look at the invariant solution ( . Using the terminal condition u(T, W (T)) = 0,
co is identically 0. The solution (E) published in , (47)) is the special case of ¢; = 2%e~"T; any
other ¢; € R is equally suitable. Merton himself seemed unaware of the nonuniqueness of the equation with
the only terminal condition as he wrote in (, footnote 21, p.390) “the solution is unique” and
referred to a theorem ( (7 Theorem I, p.381)) — the so-called “verification theorem” — cited
without proof for justification.

As pointed out in ISethi and TaksaIi (|198d), the original problem formulation in () is flawed
for not considering the possibility of bankruptcy: the wealth level may be negative during the investment
period if not controlled. ISethi and Taksal{ ( 988|) scrutinized the solution and derived optimal rules in
() for all feasible parameter ranges of the HARA utility function and found several questionable
issues originated from the positive probability of being nonpositive.

One of the remedies proposed_in Bethi and Taksali (|198 ) is to recast the problem along the lines of
lKaratzas et all (|198§), replacing (H) with

To
Eo / e PTU(c(r))dr + PePT0 (75)
0

where Ty = inf{t > 0 : w(t) = 0} is the hitting time and P is the natural payment level to be specified
beforehand. It is shown in lKaratzas et all (|198§) that optimal policies are determined according to the value

of P as P varies between p* = @ and

P e U0 /°° de
—r A Jo U0

where \_ is the smaller root of the equation kA% — (r—p—r)A—1r =0, Kk = (QQ;Z)Z . Another route suggested

by bethi and Taksar (|198d) is to add a proper boundary condition at u(t,0), which is in line with our present
pure mathematical reasoning.
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