EFEEE R I HEEEE
Dynamic Hedging of Options by Deep Learning

HE

AOCHREFE B, DURERE T REHEE Black-Scholes A TRHERKK BAERTENRE Delta
ERE R P R R AR R RO B R IS SRR R, R /ML T e YE U 1T B P 2R R ol B A
B, WEGHERGEERANERER, REVGENRSEEENEIFEEZEN, MEGRIEEEIL.

We derive the dynamic hedging rules of the standard European option governed by the Black-
Scholes model via deep learning techniques. Using simulated paths as train data and minimizing
with the least square risk criterion, the computed results and the theoretical ones are in good
agreement except when the underlying option is deep in or out of the money.

Ei#E5: Delta g, Black-Scholes TR SERERE, MM, HREEE
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1. IRAEEIREE R

B — Iz e R AR EE EEEZ IR B2 8 R TETH R E R, BN SR T
AR ARSI, HSERRIERERA, ERSE e rREEr R, My il aRnEs
—EHREEREROMTREE: SRS SN, AR B) DU & T i e e .

BRI fREE ERNEN R B L FIC EREEN =52 20 E, 7 IFRS gEHERI TR AR AELEADA
REEFE, FREERGSEBHDRBARNENENEEPERE. B, fEsk 2019 £
B AR RS 5 % 2012 (B, EREFHE: 5 (2020) FXEZHZFEEMTHENR, 5
R SETTHEARE 2020 F+ ARAEAFRHE, SHEERERSERE IS, HHEFERRTIRE
FEBREK

RENEMIIEEEFSE (Variable Annuity, VA) SAEERBIEREENHEE (2R Hardy (2003)),
RrREFHEEME TEER TR, ARl meadRAICERESREAETTE HERRIER TR
INEFERSE AR T3 R ITES R R 2 — =2 Delta #R: FTESRBEERBER TN
B2 BLZR Delta 5 HBER RS ERE ZARRMALLLE, A e SRR REHERE
ERFFILE, THENERTAENE. ER EEHE Delta BROAREREEL, SHZESEERS
A BREBHIRTCER. Delta B LAMKEAEN EEECRERAR A RN EALA, BEAFREE
HIA G A AR BN Y SRR, BB AT AR 0 7 5 AR 2= T o (R R R

TR 2 E R E T R, B T SReEEIR A LE B BEAUHER (de Pradg (2018, 2020);
Hull (2020); Dixon, Halperin and Bilokon (2020)) . #2RE2EFE S ABEBEEAT ZHEERZEH
HEBERZWEM, MEFEEELZE (Deep Learning, DL; Goodfellow, Bengio and Courville (2016);
Aggarwal (2018); Nielsen (2015)) EEZEENHEE (Deep Reinforcement Learning, DRL; Sutton
and Barto (2018); Szepesvari (2010)) HEims AIERE G55 (Ciresan et al) (2012)) &FESEE (Silver
et al, (2016)) EVSEIRFARAEGHER, ERAELFREETSHEANAFELAECHEHENRR, REEE
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BNE R e, (Artificial Neural Networks, ANN), —fEEER AR A /i FIRERIES
REEH B B (Rl HE R R EE ] . Hutchinson, Lo and Poggiq (1994); Buehler, Gonon, Teichmann
and Wood (2019) #YXXEFE /M T IR B LT R B R RIE_ ER AT BRREEER
HIFENAZIRER, THEEELBRRAEOEAEL, BEMARETSTLERERNR 5 HA R E
HRRFIEANEE, EEENIIRe THRESEFSHEARE. BASHEETERBREER R,

AN EEHRR AR /R —RO R RS . TP AR EEE E HAAE Black-Scholes 5
TR BRI ENRE Delta @R sl — DU I ESIR AR IR B (R AR R, i/ IMUARE
JEB YERIETT PR R TR — SR AR ARG RAHLCE . ASCHREE LT PSRRI F E 2
B RGBT PR R R R AR, BFTRdamiE IR R E R BN Delta HERIREEHY /7
ETBEERILEA G REE mE, REREERERE.

2. RIPHRRR IR Eh

B — SRR E AGN LSBT BEESARDT: JHEE 20 E# — T = 20/52 = 0.3846
(), BIE K = $50., BB ENEBREERE Black-Scholes 1A: MEREFIZE r = 0.05, EHEE
BETYERGZE 1 =013, BEH o = 0.2, FENEHRER so = 349, HEEEERS $3. sHHERZE
B BB &2 BN, Hull (2015, Chapter 19) 2t THEREE, HHISFEE (naked) . #
#E (covered). 1218 (stop-loss) H delta-bs, fEIEREHVIFEE AENEREE, W—KAIEHK
B TRESESEPVEACENERREE. FESEENEE: EREIERAEENRREEEBEK
RIELERE AENEREE, BRBHEREHE. delta-bs SEIE E1E B BART R 2L B R ER S
WG B EERRES A, EANENEREEER A x (NEREENEREEEZ) . BT delta-bs
2%, HAth =ER R RS E S E R A AR ER.

SH R BB R ESEAS, BT Monte-Carlo WIS 106 S8ERN AR A EEBEC IR, 1%
GEBRET LIRS, EEERRIEATETE. SHEER, ERIEA TSR EEY
RREEEEEE: BRRRGEL GRS ERE, BEE8: (HRIEHE) = (HREAE
W) | (HFIEREER) — BRUCEHERE, BRI — B Black-Scholes AR AEETHIEHEE
< B 24005, HOHIR S B SRR A EYEE R IE ., ] Python BRES B EAET2 R
b A1, At = 0.25 ZREGRICEASEEME [, HegsRms .

At delta-bs mean stop-loss mean covered mean naked mean

3 0.4215 0.4505 1.0489 0.8989 1.4095 1.5034 1.6136 0.5542
4 0.3821 0.4478 1.0109 09212 1.4105 1.5015 1.6188 0.5454
2 0.2832  0.4500 0.9188 0.9546 1.4104 1.5068 1.6148 0.5479
1 0.2139 0.4492 0.8772 0.9720 1.4077 1.5053 1.6140 0.5533
0.5 0.1666 0.4494 0.8630 0.9785 1.4107 1.5006 1.6125 0.5558
0.25 0.1360 0.4501 0.8618  0.9857 1.4101 1.5009 1.6157 0.5529

F 1 DEEBRIFEART, 28R s LA R IR a B R R,

ESEE E RN E S $3, H Black-Scholes ASMER $2.4005 S $0.6 4. % [| ERER
7E delta-bs BHRFIE B THIBAWELAY . BSE, LHRBFRATSELELEE. B | B7, B
7 delta-bs BRREES, HERSESISTTASHOIEAMIAR, THETHBIRTT — ([ErTASRBRIEE R
delta-bs BRSNS . LA EAORTPIE B RIGH! T A SCHR NS (ORRENE, IR thisiR 7 B SR
KB
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1: BB ERIESEZS At = 0.25 BF, &BIRIGIEEMA.
3. BEBREMEN

R S R — T LR SRR RS AR, R TSR S T - SR TR R S A AR 2 — T
G ED S ARG IR B, B REBRA TifC T, BRERA /IR MR RE
LB N TS THIZEME (synapse) HEER, W—RAER FZMEETRAERATX BB f. HimiEiE
B TR RAYRTEEAERS (feed-forward networks) 8RR D @A THIETHEE, F—@HETHEL
TEMERBRIA THREITRR, BUBREL, BEARA /K. HORT B AR F B s = (R A RS T
HUERAJE. 2E. M. ={EmiE TR = ke S m (e S o h iR H g e, BEkRisEiss L 8,

R A& By g 1 fem g 2 g 3 rdangicy
@y

2: NI EE.

BESAE (n1,ne,...,ny) HEREIT, 5 1 ERERARE, &£ L EBki/E, HerBREE. HREHE
1 <I<L—1, EEELEE (activation function) ¢! : R+ R+ BEEERMAEKEL w! : R — R+

w'(z) = a'x + b



HAUER of € R™ x R 1 (4, 5) TCH ol FEERSEE | JERVSE @ MERACTCES [+ 1 @I j (EHET
ZHEE, Ve Run, FABEE f1 = ¢l ow!, BIMEEY F: R™ — R

F(z)=w"o ft0 o fF% 0. 0 fi(2) (1)

BICNTEERER S BB R TR, HEEER w={d V|1 <I<L-1}; BRAHMEESE «, HAriifF
F(w,x). HRECERERIERE, BB EEF2EMERE. & Hornik (1991, Theorems 1, 2) #)
e, AEACEKBURERE, NI SRR R (ERE R A& TG B B R 2

NI MRS B R EA F(w, v) WREREE o HEMRA/REFIFERE (XY}, Z#KREL
faERRENEL (loss function) £ : R™ x R R BRI R B ARG Hi:

w = argmin L(F(w, X),Y)

w

HRHE RN EEETRUESRERA, MEEHBFEEFEEEHENEZEMYE, HEEE SRR
B A E—ERH R, SCERELRTEMER B AR E AREREM E TREIE (stochastic gradient
descent, SGD), BRREEHNBEMENIIEESE / HER NN -2 L EEEEEEE: &K
Ao PR B BT M me A T B A R A R FE T BRI

4. RESTERERINE

FRWEZEH (Q, Froc<ry, P) & Black-Scholes #881: TREL RN, SMERAZ r =0, MAEYE
HIE P TEMNEREEERRERE S,0<t < T fWE

dSt = Stlljdt + StO'thP, S() = Sy

HApsiizs 1> 0, BRH 0 > 0, ENEAREEERBE s > 0 B WS SYEHAE P THEE
Wiener i#f2. MoeiRiRiFERE— BRI E Q, B EREEBKARE S, LI EER PR
HIE Q TAIRME

dSt:StTdt"—StUth, S():SO
Hep W, BHE Q THE®E Wiener 1812,
HAWHFEAEL Black-Scholes 1A TR EAER B RIS FIE. TERAABHEZHIRS T, SIHRG (T
£ f(Sr), Hi [ RRENGTHE. RMAEERE ¢ BENERREE S, = s RFEREREEEE

18 p(t.s) = Eg {f(Sr)| Sy = s}, HH Eo{-} BEBRFLAE Q THIKRMAMZM. B Bouchard and
Chassagneux (2016, Theorem 4.3),

p(t, 50) + / dup(r, 5,)dS, = f(Sy)

e SEME Markov AN By B RERERR RIS 5
A(t,s) = 0p(t, s)
M RAGERE R, JREIT 3 R/IMERERE

inf Eq { (f(ST) —p(0.5) - /OT e dSt) 2}
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trh HOBIEATE ARFRIBERGRTE . B AR ERTEMERGL H: S {ER RS ¢ N7 —E R Rl
9:(-), H H; #a

:‘E‘lﬂt

Hy, = gt(St)
EEBERENSOLE: RAB—HE S, 0<t<T, KILE 0, BREKE L B

L::(HS%)—p«L&O—léTQASOd&)Z

EAPRIFERRE S
T
/ gt(St) dSt
0
TJ//LN{I E m% gO() ()77gN 1()’ é)@
Z Qz ’L z+1 - )

AERE. FRMIDUREE T AR LR EE R B AV BB IR R R . F B AR B EEERE S, ¥
BB mbr I Q THYEER R ELER

2

dlog S, = (7‘ - U—) dt + o dW, 2)

HOBRRHEERL AT BB B RO [0, T] 8 N ERER & WRHIRRH, ) T

o\ T T )
1ogS,~:10gSi_1+(r—?>N+JQ/NZi, 1=1,...,N

Hep 7, SRR GRERERIE, S, 7 ARR R _EAE (So, 51, ..., Sy) 7 T#EETE%Z@E?
B, BARNEFERD (S0, 21, .., 2Zn), XEER (S, Xy, ..., Xn) — Xi BFE Pl (r—%)
REB o’ L WHEEBIARBIFERE. BRI (S0, 51,. .., Sy) BIRERA, Tk 0;
WABRHEER D AIKCEHBEE niain, Nies KEH

=]~
‘% et ?uTn

Al e

{18

5. BIERBFER

HMEA Python EHAFES HFHRELEKHE TensorFlow (Abadi et al| (2015)) Bl Keras
(Chollet et all (2017)) #EfTBUEEER. ﬁg?ﬁ%%ﬁ@@%@%T

ETE (2Rl AD) EREENTRERG, RPLNEAHE S R R e
FISRERIES, RE § R, EEYAREERBES 100 (BFT, JISEIRENTEEAT
0.0013, BAPRETELE 0.02 A4, TEEZER 1.33, IQ%TEEMTHF%?@ﬁ@%F&”
Delta fERIHE: EIAEET IR RE SISk, WEENENNR, HaEY TREEEEE 3
SBIE H AR A SBR[ RS Delta [EHIBE.

6. REmsLRE

RXEEREEEE /R Black-Scholes 1A EM?@DC@ET%E’EBE?&&% Delta 7RE&, i E¥EGR{E
FHELER . BR7E BAWIEE AR R B B R EE N AV IS TR, RS H B HERERMRER /N FEHERA
A HE R B R 2 7 DL B R e T A A R 2R (R 3 %*Zfb\é’)‘f%’ﬁ‘ﬁ L_HEI’H*%E"#F%IEW B#E
TR, BRT B AAREE MR EREHERROREZN, 2l & E TR 5 B
HIREIA . SRR PIETEREIB LK BIEE . UREEMRETR H AN &S S T REHTE A M.
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fiigk A. Python BRE
fifgg A.1. #EBR RIS LR

import numpy as np

from scipy.stats import norm

from numpy import log, sqrt, exp, zeros, ones, std, mean, maximum, cumsum,
— cumprod, reshape, transpose

np.random.seed (1000)
phi = norm(loc=0, scale=1).cdf

def bs_d1(S, dt, r, sigma, K):
return (log(S / K) + (r + sigma**2 / 2) * dt) / (sigma * sqrt(dt))

def bs_price(S, T, r, sigma, K, t):
dt =T - ¢t
dl = bs_di(S, dt, r, sigma, K)
d2 = d1 - sigma * sqrt(dt)
return S * phi(dl) - K * exp(-r * dt) * phi(d2)

def bs_delta(S, T, r, sigma, K, t):
dt =T - ¢t
dl = bs_di(S, dt, r, sigma, K)
return phi(dl)

def mc_paths(sO, T, sigma, r, n_sims, n_steps):
rv = np.random.randn(n_sims, n_steps)
dt = T / n_steps
sT = sO * cumprod(exp((r - sigma**2 / 2) * dt + sigma * sqrt(dt) * rv),
< axis=1)
return reshape(transpose(np.c_[ones(n_sims) * sO, sT]), (n_steps + 1,
< n_sims))

N =5 # time disrectization


http://dx.doi.org/10.1038/nature16961

29 80 = 49. # initial value of the asset
30 K = 50. # strike for the call option
31 T =20. / 52 # maturity

32 sigma = 0.2 # wvolatility

33  premium = 3 # option premium

34 r = 0.05

35 n_sim = 10 ** 6

36

37 def pnl delta(deltas, paths, K, price, alpha):

38 ds = paths[1l:, :] - paths[:-1, :]

39 hedge = np.sum(deltas * ds, axis=0)
40 payoff = maximum(paths[-1, :] - K, 0)
41 pnls = -payoff + hedge + price

42 return pnls

43
42 def pnl_delta_bs(sO, K, r, sigma, T, paths, alpha):

45 times = zeros(paths.shape[0])

46 times[1:] = T / (paths.shape[0] - 1)

47 times = cumsum(times)

48 bs_deltas = zeros((paths.shape[0] - 1, paths.shape[1]))

49 for i in range(paths.shape[0] - 1):

50 t = times[i]

51 bs_deltas[i, :] = bs_delta(paths[i, :], T, r, sigma, K, t)

52 return pnl_delta(bs_deltas, paths, K, bs_price(sO, T, r, sigma, K, 0),
— alpha)

53
54 table = []
55, for N in [4, 5, 10, 20, 40, 80]:

56 bs = bs_price(sO, T, r, sigma, K, 0)
57 paths = mc_paths(sO, T, sigma, r, n_sim, N)
58 pnl_stop_loss = zeros((n_sim, 1))

59 pnl_covered = zeros((n_sim, 1))

60 pnl naked = zeros((n_sim, 1))

61 epsilon = le-2

62 for i in range(n_sim):

63 position, cost = 0, O

64 for price in paths[:, i]:

65 if price >= K + epsilon:

66 if position == O:

67 position = 1

68 cost += price

69 elif price <= K - epsilon:
70 if position ==

71 position = 0

72 cost -= price

73 final = paths[-1, i]

10



74

75
76
77
78
79

© 00 ~N O O b~ W N =

=
= o

27

pnl bs = pnl _delta_bs(sO, K, r, sigma, T, paths, 0.5)
table.append((20. / N, std(pnl bs) / bs, mean(pnl_bs), std(pnl_stop_loss) /
bs, mean(pnl_stop_loss), std(pnl_covered) / bs, mean(pnl covered),

—

—

pnl stop_loss[i] = premium - cost + (K if final >= K else (final if

<~ position else 0))

pnl_covered[i] = premium - sO + (K if final >= K else final)
pnl naked[i] = premium - maximum(final - K, 0)

std(pnl_naked) / bs, mean(pnl_naked)))

Miak A.2. REEEE S G

from keras.models import Model

from keras.layers import Input, Dense, Subtract, Multiply, Lambda, Add

from keras.engine.topology import Layer
from keras import initializers as init
import keras.backend as K

import numpy as np

from numpy import log, exp, sqrt, ones, zeros, tanh, matmul, squeeze

from scipy.stats import norm

def bs(s0, strike, T, sigma):

return sO * norm.cdf((log(sO/strike) + 0.5 * T * sigma**2) / (sqrt(T) *
sigma)) - strike * norm.cdf((log(sO / strike) - 0.5 * T * sigmax*2) /

—

—

(sqrt(T) * sigma))

def delta bs(s, k):

return norm.cdf ((log(s/strike) + 0.5 * (T - k * T / N) * sigma**2) /

—

N, sO,

(sqrt(T - k * T / N) * sigma))

strike, T, sigma = 30, 100, 100, 1.0, 0.2

price_bs = bs(s0, strike, T, sigma)

m, d, n=1, 2, 8

layers

= [

for j in range(N):
for i in range(d):

if i < d - 1;
nodes n

layer = Dense(nodes, activation='tanh', trainable=True,
— kernel initializer=init.RandomNormal(O, 0.1),
< bias_initializer=init.RandomNormal (0, 0), name=str(i)+str(j))

else:

11



nodes m

layer = Dense(nodes, activation='linear', trainable=True,

«» kernel initializer=init.RandomNormal(O, 0.1),

— bias_initializer=init.RandomNormal(O, 0), name=str(i)+str(j))
layers = layers + [layer]

price = Input(shape=(m,))
hedge = Input(shape=(m,))
inputs = [price] + [hedgel

for j in range(N):
strategy = price
for k in range(d):
strategy = layers[k + (j) * d] (strategy)
incr = Input(shape=(m,))
logprice = Lambda(lambda x: K.log(x)) (price)
logprice = Add() ([logprice, incr])
pricenew = Lambda(lambda x: K.exp(x)) (logprice)
priceincr = Subtract() ([pricenew, pricel)
hedgenew = Multiply() ([strategy, priceincr])
hedge = Add() ([hedge, hedgenew])
inputs = inputs + [incr]
price = pricenew
payoff = Lambda(lambda x: 0.5 * (K.abs(x - strike) + x - strike) -
< price_bs) (price)
outputs = Subtract() ([payoff, hedge])

model _hedge = Model (inputs=inputs, outputs=outputs)
model_hedge.compile(optimizer="'adam', loss='mean_squared_error')

def get_x(n):
return [sO * ones((n, m))] + [zeros((n, m))] +
< [np.random.normal (-(sigma)**2 * T / (2*N), sigma * sqrt(T) / sqrt(N),
<~ (n, m)) for i in range(N)]

n_train = 5 * 10*x*b
xtrain = get_x(n_train)
ytrain = zeros((n_train, 1))

n_test = 10%%*5
xtest = get_x(n_test)
ytest = zeros((n_test, 1))

model _hedge.fit(x=xtrain, y=ytrain, epochs=250, verbose=True, batch_size=100)

weights = model_hedge.get_weights()
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60 def delta_nn(s, j):

70 length = s.shape[0]
71 g = zeros(length)
72 for p in range(length):
73 ghelper = tanh(s[p] * (weights[j * 2 * d]) + weights[j * 2 *x d + 1])
74 glp] = np.sum(squeeze(weights[2 * (d - 1) + j * 2 * d]) =*
< squeeze(ghelper))
75 glpl = glp] + weights[2 * d - 1 + j * 2 x d]
76 return g
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